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A Necessary and Sufficient Criterion for the Global
Minimum of Multiextremal Functions

Zh.S. Tutkusheva®, Kh.T. Otarov

Abstract. Global optimization of multiextremal functions of several variables, i.e., func-
tions possessing multiple local extrema, remains one of the most challenging problems in
computational mathematics. The importance of this problem stems from its widespread
occurrence in both theoretical research and practical applications.

In previous work by one of the authors, a special transformation of the original objec-
tive function was proposed to construct an auxiliary function. Several key properties
of this auxiliary function, including non-negativity, uniform continuity, differentiability,
and monotonicity, were rigorously established. These properties ensure computational
efficiency and provide theoretical guarantees of convergence for the proposed global op-
timization method.

In this paper, necessary and sufficient conditions for the existence of a global minimum
of the objective function are derived and proved. As a result, the original optimization
problem is reduced to finding the greatest zero of a convex univariate function. It is
shown that the global minimum of the objective function coincides with the supremum
of the set of zeros of the auxiliary function. This characterization enables the use of
well-established numerical methods to compute the greatest zero with high accuracy.
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global minimum, necessary and sufficient conditions.

2010 Mathematics Subject Classifications: 90C26, 65K10

1. Introduction

A substantial body of research has been dedicated to the methods and chal-
lenges of global optimization [2, 4, 10, 12, 14]. Numerous algorithms and tech-
niques have been developed to address global extremum problems for specific
classes of objective functions. Rational approaches to global optimization con-
tinue to be actively explored across various domains of science and engineering
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[1, 3, 5, 7, 8, 13, 15, 22], driven by the ongoing demand for novel methods and
the lack of a universal algorithm suitable for all problem types.

The main difficulties in global optimization typically stem from the multiex-
tremal structure, high dimensionality, and non-convexity of the objective func-
tions. These factors are further compounded by high computational costs, sensi-
tivity to initial conditions, and other complicating aspects. Consequently, there
remains a significant need for the development of more efficient and computation-
ally economical methods capable of ensuring reliable convergence to the global
extremum. A considerable number of studies have been devoted to addressing
these challenges [11, 23, 24].

The scientific and technological significance of this research lies in the ubiquity
of optimization problems involving the determination of maximum or minimum
values in fields such as science, engineering, and economics. Effective solutions
to such problems require the development of robust and theoretically justified
optimization techniques.

In response to the limitations of existing methods-namely, their high computa-
tional cost and inability to guarantee rapid convergence to the global minimum-a
new approach was proposed in [6]. This approach introduces a special function
gm(F, ), constructed based on the original objective function F'(x) defined on a
given set . It has been shown that this auxiliary function possesses several prop-
erties that enable the transformation of the original global optimization problem
into the problem of finding the greatest zero of a specially constructed univariate
function.

The objective of this paper is to rigorously formulate and prove necessary
and sufficient conditions for the global minimum of a multiextremal function of
several variables. These conditions are expressed in terms of the greatest zero of
a convex function of a single variable.

2. Problem statement

Let £ C R™ be a closed set in n-dimensional Euclidean space, and let F' : F —
R be a continuous function. Hereafter, F'(z) will be referred to as the objective
function. By the continuity of F(z), the sublevel set

E(F,a)={x € E| F(z) <a, a € R},

is measurable for every o € R.
Given the objective function

F(x) = F(x1,x2,...,%,),
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the goal is to find the global minimum of F(x) over the domain E with a pre-
scribed accuracy e:
& = globmin F(z).
zel
In this study, the search for the global minimum is based on a special function
gm(F, a), where o € R, which is constructed via a transformation of the original
objective function:

gm(F,a):/E[F(m)—a|—(F(m)—a)]m dx, méeN, m>1. (1)

Here, F(z) = F(z1,22,...,T,) is a multivariate function defined on the domain
E. Since g, (F, «) is a function of a single variable «a, the global optimization
problem is thereby reduced from a multivariate to a univariate one. Notably, re-
gardless of the number of local extrema of F(z), the auxiliary function g, (F, «)
is convex. Furthermore, its rate of growth increases with the parameter m. The
choice of the parameter m significantly affects the efficiency of locating the great-
est zero of the function g, (F, «), as discussed in [20].

Definition 1. The function g,,(F,«) is referred to as the auxiliary function.

3. Conditions for a global extremum

First, we establish a necessary condition for a global minimum of the objective
function.

Theorem 1. If min,cp F(x) = &, then
gm(F, &) = 0. (2)

Proof. Assume that the desired value of the global minimum is &. Then, for
any x € F, we have F(x) > &. According to the results of Lemma 1 [21], which
proves that ¢, (C,«) = 0 for VC' > «, we obtain

<

Corollary 1. The global minimum of the objective function F(x) is a zero of the
auziliary function g, (F,«).
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A sufficient condition for the global minimum is established and justified in
the following theorem.

Theorem 2. Ifmax,cr{a € R: gy (F, ) =0} = &, then globmin, g F'(z) = a.

Proof. Assume the contrary. Suppose that condition (2) holds and that & is
the value of the global minimum, but & # &. Let 28 = & — &, with 8 > 0. Then
the set E(F, &) is a subset of E(F,&); therefore,

WE(F, &) > u(E(F, &)).
It follows that
gm(F, ) = /E [|F(z) - a] - F(z) + &)™ dy =

— [ (F@ -l - Fe)+ Q) dut

:/ F(z) — &) — F(z) + &)™ du+
E\E(F,a)
+/ ) [—(F(z) —a&) — F(z)+ &)™ dp =
E(F,&)

Then

an(F.) = [ [2(a F)]" du (3
E(F,a)

~—

Since & = a+2f and & > &+ > &, then for the sets E(F,&) = {z € F | F(x) <
at, E(F,a+8)={x€E|F(z)<a+p}, E(F,a)={xze€ E|F(z) <a}, the
following relations hold:

E(F,&) C E(F,a+ B) C E(F,d).

Ifa< F(z) <a+ B < a, it is easy to verify that

&—F(z)>éa—(a+p8) =8



A Necessary and Sufficient Criterion for the Global Minimum of Multiextremal Functions 273

Transforming integral (3), we obtain the following lower bound:

n(F,6)= [ 126 P

12(6 — F(x))™dp + / (2(6 — F(x))"dp >

/E(de)\E(F,&—FB) E(F.a+p)

> /E oy 26 F@) ">

S2am [ du=RAuERG+B) >0
E(F.a+p)

The last inequality contradicts equality (2). Therefore, the initial assumption
is false, and the theorem is proven. «

Corollary 2. The exact value of the greatest zero of the auxiliary function
gm(F, ) coincides with the exact value of the global minimum of the objective
function F(x).

4. Examples
In this section, we present specific examples that clearly demonstrate the
effectiveness of the proposed method.

Example 1. To illustrate the theoretical results, we consider a test function
and demonstrate how the objective function is transformed into the corresponding
auziliary function. As a first example, we use the well-known Ackley function,
which is widely employed as a benchmark in global optimization:

F(:E,y) _ 7206—0.2\/0.5(12—%?;2) 7 eO.5(cos(27rm)+cos(27ry)) + e+ 20. (4)

This function is characterized by a large number of local minima in the do-
main:
—-5<r<s5 -5y <s.

The surface plot of the objective function F(x,y) over the specified domain is
shown in Figure 1. Its graph in this domain is depicted using MATLAB. The
auziliary function for the Ackley function for m = 6 will look like:

F a / / —90e—0-2 05(:):2+y ) 60.5(cos(27r:z:)Jrcos(27ry)) +e4+20— a‘

_ (_20670.2#0.5(3;2@ ) _ (0:-5(cos(2ma)+eos(2my)) 4 o 4 90 — 04)} ’ dzx dy.
(5)
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F(x,y)
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Figure 1: Graph of the Ackley function.
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Figure 2: Graph of the auxiliary function (5).

The graph of function (5) is shown in Figure 2. The reference value of
the global minimum of the Eckley function: F(0;0) = 0. Computation result:
F(lOflO; 10*10) = 10719, Method accuracy: ¢ = 10719,

In the works of A. V. Kuznetsov and A. 1. Ruban [9, 18], test functions were
constructed using hyperbolic and exponential potential models. Building upon
these methods, we generated a family of test functions exhibiting multiple local
minima in a four-dimensional space. A key feature of these functions is the ability
to explicitly predefine both the number and the coordinates of the local minima,
providing a controlled environment for evaluating global optimization algorithms.

Example 2. Consider a three-variable function constructed based on a hyperbolic
potential that has four local minima in the cube [—10;10] x [—10;10] x [—10; 10]:



A Necessary and Sufficient Criterion for the Global Minimum of Multiextremal Functions 275

1
5l =32+ y—42+ |2+ 1) +1
1
2(z+ 5P+ |y+8°+|z—2P) +1.8
. (6)
0w +5P2 + ]y — 622 + [z 9% +3
1

F(x7y7z) =

The auziliary function for the objective function (6) for m = 6 is given by:

o(F, ) /// F(2,5,2) — a] — (F(z,y,2) — a)]® dvdydz.  (7)

Function (7) is a strictly increasing function. It is illustrated graphically in
Figure 3. According to the newly proposed method, the greatest zero of the auz-
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Figure 3: Graph of the auxiliary function (7).

iliary function was found after 42 iterations with an accuracy of ¢ = 10719;
& ~ —1.00132552058. The algorithm for finding the largest zero of the function
was implemented in the Visual Studio software environment.

5. Conclusion

In this paper, the problem of finding the global minimum of a multivariable,
multi-extremal objective function has been reformulated as the problem of de-
termining the greatest zero of an auxiliary function that depends on a single
scalar parameter. This auxiliary function exhibits several advantageous analyti-
cal properties, including non-negativity, strict convexity, and uniform continuity.
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Consequently, the original high-dimensional, non-convex optimization problem is
effectively transformed into a one-dimensional convex optimization task.

The computation of the auxiliary function g,,(F, ), represented as a multiple
integral over the domain F, is carried out using cubature formulas-specifically,
the Sobolev cubature formulas [19]. This research direction was further developed
through the works of M.D. Ramazanov, who made substantial contributions to
the theory and application of multidimensional integration in this context [16, 17].

Numerical integration and evaluation of the auxiliary function were imple-
mented in the C+4 programming environment using custom-developed software
tools. To determine the greatest zero of the auxiliary function with high accuracy,
various classical and modern numerical root-finding algorithms can be applied or
adapted, including the dichotomy method, the golden section method, Newton’s
method (method of tangents), gradient descent, and the Wegstein method.
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