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Nonlinear Anisotropic Parabolic Problem
Involving a Singular Nonlinearity

H. Abdelaziz*, R. Mecheter

Abstract. In this work, we prove the existence and uniqueness of both entropy solution
and renormalized solution for an anisotropic singular parabolic −→q -Laplacian equations
using the penalization method. Moreover, we prove that the entropy solution coincide
with the renormalized solution.
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1. Introduction

This paper investigates a nonlinear Dirichlet parabolic problem. We begin by
considering the model problem:

∂tu−∆u+ γu =
f

uθ
in QT ,

u(x, t) = 0 on ΣT ,

u(x, 0) = u0(x) in Ω,

(1)

where Ω ⊂ RN (N ≥ 2) is an open bounded domain with Lipschitz boundary
∂Ω. Here, QT = Ω × (0, T ) denotes the space-time cylinder with T > 0, and
ΣT = ∂Ω × (0, T ) represents the lateral boundary. We assume that γ > 0,
f ∈ L1(QT ) is non-negative, and 0 < θ ≤ 1. The initial condition u0 ∈ L1(Ω)
is strictly positive on compact subsets of Ω, i.e., for every ω ⊂⊂ Ω, there exists
Cω > 0 such that u0(x) ≥ Cω > 0 in ω.

We extend problem (1) to the more general anisotropic case:
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
∂tu−∆−→q (u) + γ(x, t)|u|q0−2u =

f

uθ
in QT ,

u(x, t) = 0 on ΣT ,

u(x, 0) = u0(x) in Ω,

(2)

where −→q = (q0, q1, . . . , qN ) with 1 < qi < ∞ for i = 0, 1, . . . , N . The operator
∆−→q is a Leray-Lions type operator defined by

∆−→q (u) :=

N∑
i=1

∂xi

(
|Diu|qi−2Diu

)
, where Diu = ∂xiu,

a mapping between the anisotropic parabolic space L
−→q (0, T ;W 1,−→q (Ω)) and its

dual L
−→
q′ (0, T ;W−1,

−→
q′ (Ω)). The coefficient γ(x, t) ∈ L∞(QT ) satisfies γ(x, t) ≥

γ0 > 0 almost everywhere in QT .

Problem (2) arises in various physical contexts, including chemical hetero-
geneous catalyst kinetics [4], thermo-conductivity problems [14], boundary layer
phenomena for viscous fluids [15], electromagnetic field theory [16], non-Newtonian
fluid dynamics [22], and turbulent flow of gas in porous media [23]. The study
of nonlinear parabolic equations has led to two fundamental solution concepts:
renormalized solutions, introduced by Di Perna and Lions [11] for the Boltzmann
equation, and entropy solutions developed independently by Bénilan et al. [6].
Subsequent developments in entropy solutions can be found in [3].

For the isotropic nonsingular case (θ = 0), Boccardo et al. [7] established
existence and regularity results for solutions of

∂tu− div(|∇u|q−2∇u) + γ0|u|q0−1u = f in QT ,

u(x, t) = 0 on ΣT ,

u(x, 0) = 0 in Ω,

with q > 1 + N
N+1 , q0 >

p(N+1)−N
N , γ0 > 0, and f ∈ L1(QT ).

In the anisotropic setting (θ = 0), Mokhtari et al. [20] considered measure-
valued data: 

∂tu+Au+ F (t, x, u,Du) = f in QT ,

u(x, t) = 0 on ΣT ,

u(x, 0) = f0 in Ω,

where Au = −div(a(x, t, u,Du)) and the Carathéodory functions a and F satisfy
appropriate anisotropic growth conditions.
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For constant exponent anisotropic problems, Chrif et al. [8] proved existence
results for entropy and renormalized solutions of

∂tu+Au+ F (t, x, u) = f in QT ,

u(x, t) = 0 on ΣT ,

u(x, 0) = u0 in Ω,

where f ∈ L1(QT ), u0 ∈ L1(Ω), Au = −div(a(x, t, u,Du)), and the Carathéodory
functions a(x, t, u, ξ) and F (x, t, u) satisfy some anisotropic growth conditions.

The variable exponent case was studied by Mecheter et al. [19]:{
∂tu−

∑N
i=1Di(di(t, x, u)ai(t, x,Du)) + F (t, x, u) = f in RN × (0, T ),

u(x, 0) = u0 on RN ,

where T > 0, f ∈ L1(0, T ;L1
loc(RN )), u0 ∈ L1

loc(RN ), and the Carathéodory
functions ai, di, and F satisfy anisotropic growth conditions.

Moreover, Abdelaziz et al. [2] proved the existence and regularity for
∂tu−

N∑
i=1

[
Di

(
|Diu|qi(x)−2Diu(
ln(e+ |u|)

)σ(x)
)

+ |u|si(x)
]
= f in QT ,

u(x, t) = 0 on ΣT ,

u(0, x) = u0(x) in Ω,

where qi(·), si(·) ∈ C(Ω) take values in (1,∞), m,σ ∈ C(Ω) with m(·) > 1 and
σ(·) ≥ 0, f ∈ Lm(·)(QT ), and u0 ∈ L(m(·)−1)s+(·)+1(Ω) with s+(·) = max1≤i≤N si(·).

For singular isotropic problems (θ ̸= 0), De Bonis et al. [9] established exis-
tence and regularity results for

∂tu−∆qu =
f

uθ
in QT ,

u(x, t) = 0 on ΣT ,

u(x, 0) = u0(x) in Ω,

with θ > 0, q ≥ 2, f > 0, f ∈ Lm(QT ) (m ≥ 1), and u0 ∈ L∞(Ω).

Khelifi et al. [18] considered more general nonlinearities:
∂tu− div(a(x, t, u,Du)) = fg(u) in QT ,

u(x, t) = 0 on ΣT ,

u(x, 0) = 0 in Ω,
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where g satisfies g(s) ≤ C/sθ (0 < θ < 1) and a satisfies

a(x, t, u,Du) ·Du ≥ α|Du|q

(1 + |u|)σ
, 0 ≤ σ < q − 1 +

q

N
+ θ

(
1 +

q

N

)
,

with α > 0.

Additionally, Mounim et al. [21] addressed
∂tu− div(a(x, t, u,Du)) + |u|s−1u = fg(u) in QT ,

u = 0 on ΣT ,

u(x, 0) = 0 in Ω,

where g satisfies g(s) ≤ C/sθ (0 < θ < 1) and a satisfies

a(x, t, u,Du) ·Du ≥ α|Du|q

(1 + |u|)σ(q−1)
, 0 ≤ σ < 1,

with α > 0 and C > 0.

Recently, Zaater et al. [26] studied the existence of bounded solutions for
∂tu−

N∑
i=1

Di

(
uqi−1(1 + |Du|)−1Du+ |Du|qi−2Du

(1 + |u|)σ

)
=

f

uθ
in QT ,

u(x, t) = 0 on ΣT ,

u(x, 0) = 0 in Ω,

where 2 ≤ qi < N for every i = 1, . . . , N , σ, θ ≥ 0, and 0 ≤ f ∈ Lm(QT ) with
m > N

q + 1. Their approach was based on Stampacchia’s lemma, using carefully
chosen test functions to obtain a priori estimates.

Regarding parabolic problems involving q(x)-Laplacian, a power, and a sin-
gular nonlinearity, we mention the result of Panda et al. [24], where the authors
proved the existence of a non-negative weak solution for

∂tu−∆q(x)u = λup(x)−1 + u−δ(x)g + f in QT ,

u(x, t) = 0 on ΣT ,

u(x, 0) = u0 in Ω,

where λ ∈ (0,∞), f ∈ L1(QT ), g ∈ L∞(Ω), u0 ∈ Lr(Ω) with r ≥ 2, δ : Ω →
(0,∞) is continuous, and p, q ∈ C(Ω) with maxx∈Ω q(x) < N and p(·) < q∗(·).
Two cases were distinguished according to the choice of f with different ranges
of parameters q(·) and p(·).
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Our work establishes the well-posedness (existence and uniqueness) of entropy
and renormalized solutions to problem (2) using penalization methods. The main
challenges consist of proving the convergence of gradients and handling the non-
linear dependence of the operator −∆−→q (u) on the gradient Du. Moreover, the
standard tools and techniques available for the nonsingular setting cannot be
directly extended to the singular setting.

The paper is organized as follows: Section 2 presents preliminary results on
anisotropic parabolic spaces. Section 3 proves the existence of entropy solutions,
and the final section establishes their equivalence with renormalized solutions.

2. Preliminaries on Anisotropic Function Spaces

In this section, we present fundamental definitions and results concerning
anisotropic Sobolev spaces and parabolic spaces used to study our parabolic −→q -
Laplacian problem (2). Let Ω ⊂ RN (N ≥ 2) be an open bounded domain with
boundary ∂Ω. Consider N + 1 exponents q0, q1, . . . , qN satisfying 1 < qi < ∞
for i = 0, . . . , N . We define: −→q = (q0, q1, . . . , qN ), D0u = u, and Diu =
∂xiu, q− = min{q0, q1, . . . , qN} > 1

2.1. Anisotropic Sobolev Spaces

The anisotropic Sobolev space is defined as

W 1,−→q (Ω) =
{
u ∈ Lq0(Ω) | Diu ∈ Lqi(Ω) for i = 1, . . . , N

}
,

equipped with the norm

∥u∥W 1,−→q (Ω) =

N∑
i=0

∥Diu∥Lqi (Ω). (3)

The space W 1,−→q
0 (Ω) is defined as the closure of C∞

0 (Ω) in W 1,−→q (Ω) under

the norm (3). Both W 1,−→q (Ω) and W 1,−→q
0 (Ω) are separable and reflexive Banach

spaces.

Proposition 1 ([13]). For any u ∈W 1,−→q
0 (Ω), the following statements hold:

(i) Poincaré inequality: There exists Cq > 0 such that

∥u∥Lqi (Ω) ≤ Cq∥Diu∥Lqi (Ω) for i = 1, . . . , N.
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(ii) Sobolev inequality: There exists Cs > 0 such that

∥u∥Lr(Ω) ≤
Cs

N

N∑
i=1

∥Diu∥Lqi (Ω),

where 1
q = 1

N

∑N
i=1

1
qi

and r =

{
q∗ = Nq

N−q if q < N,

any r ∈ [1,+∞) if q ≥ N.

Proposition 2 ([10]). Let Ω ⊂ RN (N ≥ 2) be bounded. Then:

� If q < N , then W 1,−→q
0 (Ω) ↪→↪→ Lr(Ω) is compact for any r ∈ [1, q∗−), where

1
q∗−

= 1
q−

− 1
N .

� If q = N , then W 1,−→q
0 (Ω) ↪→↪→ Lr(Ω) is compact for any r ∈ [1,+∞).

� If q > N , then W 1,−→q
0 (Ω) ↪→↪→ L∞(Ω) ∩ C0(Ω) is compact.

Proposition 3 ([5]). The dual spaceW−1,
−→
q′ (Ω) ofW 1,−→q

0 (Ω), where
−→
q′ = (q′0, q

′
1, . . . , q

′
N )

with 1
q′i
+ 1

qi
= 1, has the following properties:

� For each F ∈ W−1,
−→
q′ (Ω), there exist f0 ∈ Lq′0(Ω) and fi ∈ Lq′i(Ω) (i =

1, . . . , N) such that F = f0 −
∑N

i=1D
ifi.

� The duality pairing is given by ⟨F, u⟩ =
∑N

i=0

∫
Ω fiD

iu dx ∀u ∈W 1,−→q
0 (Ω).

� The dual norm is ∥F∥
W−1,

−→
q′ (Ω)

= inf
{∑N

i=0 ∥fi∥Lq′
i (Ω)

| F = f0 −
∑N

i=1D
ifi

}
.

For complete proofs and additional details, we refer to [5, 13].

2.2. Anisotropic Parabolic Spaces

Let QT = Ω × (0, T ) with 0 < T < ∞. We define the anisotropic parabolic
space:

Definition 1. The space L
−→q (0, T ;W 1,−→q (Ω)) consists of all measurable functions

u : QT → R satisfying
∑N

i=0

∫ T
0 ∥Diu(t)∥qiLqi (Ω)dt <∞ and equipped with the norm

∥u∥L−→q (0,T ;W 1,−→q (Ω)) =
∑N

i=0 ∥Diu∥Lqi (QT ).

Definition 2. The space L
−→q (0, T ;W 1,−→q

0 (Ω)) is defined as

L
−→q (0, T ;W 1,−→q

0 (Ω)) =
{
u ∈ L

−→q (0, T ;W 1,−→q (Ω)) | u = 0 on ∂Ω× [0, T ]
}
.
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Remark 1. Both L
−→q (0, T ;W 1,−→q (Ω)) and L

−→q (0, T ;W 1,−→q
0 (Ω)) are separable and

reflexive Banach spaces.

Definition 3. Let k > 0. The truncation function Tk : R → R is defined by

Tk(s) =

{
s if |s| ≤ k,

k sgn(s) if |s| > k,
where sgn denotes the sign function. Its primitive

φk : R → R+ is given by φk(r) =
∫ r
0 Tk(s)ds =

{
r2

2 if |r| ≤ k,

k|r| − k2

2 if |r| > k.
. Note that

φk(r) ≥ 0 and φk(r) ≤ k|r| for all r ∈ R.
We define the space

T 1,−→q
0 (QT ) =

=
{
u : QT → R measurable

∣∣ Tk(u) ∈ L
−→q (0, T ;W 1,−→q

0 (Ω)), DiTk(u) ∈ Lqi(QT )
}
.

Definition 4. The dual space of L
−→q (0, T ;W 1,−→q

0 (Ω)) is defined as

L
−→
q′ (0, T ;W−1,

−→
q′ (Ω))

=

{
F = f0 −

N∑
i=1

Difi

∣∣∣∣ f0 ∈ Lq′0(QT ), fi ∈ Lq′i(QT ) for i = 1, . . . , N

}
,

equipped with the norm

∥F∥ = inf

{ N∑
i=0

∥fi∥Lq′
i (QT )

∣∣∣∣ F = f0−
N∑
i=1

Difi with f0 ∈ Lq′0(QT ), fi ∈ Lq′i(QT )

}
.

The duality pairing between L
−→q (0, T ;W 1,−→q (Ω)) and L

−→
q′ (0, T ;W−1,

−→
q′ (Ω)) is

given by∫ T

0
⟨F, v⟩dt =

N∑
i=0

∫
QT

fiD
iv dx dt for all v ∈ L

−→q (0, T ;W 1,−→q
0 (Ω)).

Proposition 4 ([27]). Let u ∈ T 1,−→q
0 (QT ). For each i = 1, . . . , N , there exists a

unique measurable function νi : QT → R such that

DiTk(u) = νi · χ{|u|<k} a.e. in QT for all k > 0,

where χA denotes the characteristic function of A.
The functions νi are called the weak partial derivatives of u and are denoted

by Diu. Moreover, if u ∈ L1(0, T ;W 1,1
0 (Ω)), then νi coincides with the standard

distributional derivative of u, i.e., νi = Diu.
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Proposition 5 ([25]). Let q and p satisfy either 1 ≤ q <∞ and p = 1, or q = ∞
and p > 1. Consider three Banach spaces E1, F , and E2 such that the embedding
E1 ↪→↪→ F is compact, and the embedding F ↪→ E2 is continuous.

If (un)n is a bounded sequence in Lq(0, T ;E1) with
(
∂un
∂t

)
n
bounded in Lp(0, T ;E2),

then there exists u ∈ Lq(0, T ;F ) such that, for some subsequence,

un → u strongly in Lq(0, T ;F ).

That is, (un)n is precompact in Lq(0, T ;F ).

Remark 2. For the case q = p = 1, take E1 =W 1,1
0 (Ω), F = L1(Ω), and E2 =

W−1,1(Ω). Here we have the compact embedding W 1,1
0 (Ω) ↪→↪→ L1(Ω), and the

continuous embedding L1(Ω) ↪→W−1,1(Ω).
This gives the compact embedding{

u ∈ L1(0, T ;W 1,1
0 (Ω))

∣∣∣ ∂u
∂t

∈ L1(0, T ;W−1,1(Ω))

}
↪→↪→ L1(QT ).

Furthermore, when q− > 1, the continuous embeddings

W 1,−→q
0 (Ω) ↪→W 1,1

0 (Ω) and W−1,−→q ′
(Ω) ↪→W−1,1(Ω)

imply the compactness of{
u ∈ L

−→q (0, T ;W 1,−→q
0 (Ω))

∣∣∣ ∂u
∂t

∈ L
−→q ′

(0, T ;W−1,−→q ′
(Ω))

}
↪→↪→ L1(QT ). (4)

Proposition 6. ([17]) Let (un)n be a sequence in L1(Ω) and u ∈ L1(Ω) be such
that un → u almost everywhere in Ω, un ≥ 0 and u ≥ 0 almost everywhere in Ω,

and

∫
Ω
un dx→

∫
Ω
u dx. Then un → u strongly in L1(Ω).

Proposition 7. Let (un)n be a sequence in L
−→q (0, T ;W 1,−→q

0 (Ω)) such that (∂tun)n

is bounded in L
−→
q′ (0, T ;W−1,

−→
q′ (Ω)), un ⇀ u weakly in L

−→q (0, T ;W 1,−→q
0 (Ω)), and

the following convergence holds:

N∑
i=1

∫
QT

(
|Diun|qi−2Diun − |Diu|qi−2Diu

)
(Diun −Diu) dx dt

+

∫
QT

(
|un|q0−2un − |u|q0−2u

)
(un − u) dx dt→ 0.

(5)

Then un → u strongly in L
−→q (0, T ;W 1,−→q

0 (Ω)) for a subsequence.

Proof. Following the approach in [8], by using (5) and Proposition 6 we
get |un|qi → |u|qi in L1(QT ), and |Diun|qi → |Diu|qi in L1(QT ), which estab-

lishes un → u in L
−→q (0, T ;W 1,−→q

0 (Ω)). ◀
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3. Existence Results

3.1. Entropy Solutions

We begin by defining the concept of an entropy solution to problem (2).

Definition 5. For 0 < θ ≤ 1, 0 ≤ u0 ∈ L1(Ω), and 0 ≤ f ∈ L1(QT ), a function

u ∈ T 1,−→q
0 (QT ) ∩ C([0, T ];L1(Ω)) is called an entropy solution to problem (2) if

it satisfies:

1. Positivity condition: u is strictly positive on Ω × (0, T ), meaning that
for every ω ⊂⊂ Ω, there exists Cω > 0 such that: u ≥ Cω > 0 in ω× (0, T ),
and |u|q0−2u ∈ L1(QT ).

2. Entropy inequality: For all test functions ϕ ∈ L
−→q (0, T ;W 1,−→q

0 (Ω)) ∩
L∞(QT ) with ∂tϕ ∈ L

−→
q′ (0, T ;W−1,

−→
q′ (Ω)) + L1(QT ), the following holds:∫

Ω
φk(u− ϕ)(T )dx−

∫
Ω
φk(u− ϕ)(0)dx+

∫
QT

∂tϕ · Tk(u− ϕ)dxdt

+
N∑
i=1

∫
QT

|Diu|qi−2Diu ·DiTk(u− ϕ)dxdt+

∫
QT

γ(x, t)|u|q0−2u · Tk(u− ϕ)dxdt

≤
∫
QT

f

uθ
Tk(u− ϕ)dxdt,

where φk is the primitive of the truncation function Tk.

Theorem 1. Under the assumptions 0 < θ ≤ 1, 0 ≤ f ∈ L1(QT ), and 0 ≤ u0 ∈
L1(Ω), there exists at least one entropy solution to problem (2).

Proof. Claim 1: Non-singular Approximate Problem
Consider sequences (fn)n in L

−→p ′
(0, T ;W−1,−→p ′

(Ω)) ∩ L1(QT ) and (u0,n)n in
C∞
0 (Ω) such that fn → f in L1(QT ) with fn = Tn(f) and 0 ≤ fn ≤ f , and
u0,n → u0 in L1(Ω) with 0 ≤ u0,n = Tn(u0) ≤ u0.

We study the approximate problem
∂un
∂t +Φnun =

fn(
|Tn(un)|+ 1

n

)θ in QT ,

un(x, t) = 0 on ΣT ,

un(x, 0) = u0 in Ω,

(6)

where the operator Φn is defined by Φnu := −∆−→q u + γ(x, t)|u|q0−2u, with γ ∈
L∞(QT ) satisfying γ(x, t) ≥ γ0 > 0 a.e. in QT . ◀
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Remark 3. For a fixed n ∈ N, the right-hand side of Problem 6 is bounded
in L∞(QT ). This allows us to employ standard methods (such as Schauder’s
fixed-point theorem [1, 12], variational methods [27], or the semi-discretization
approach [24]) to establish the existence of solutions to Problem 6.

The following lemma establishes the existence of solutions to the approximate
Problem 6.

Lemma 1. For a fixed n ∈ N, Problem 6 admits a unique non-negative weak

solution un ∈ L
−→q (0, T ;W 1,−→q

0 (Ω)).

Proof. Consider the operator Φn : L
−→q (0, T ;W 1,−→q

0 (Ω)) −→ L
−→q ′

(0, T ;W−1,−→q ′
(Ω)),

which is pseudo-monotone, bounded, and coercive in the following sense:∫ T
0 ⟨Φnv, v⟩ dt

∥v∥
L
−→q (0,T ;W 1,−→q

0 (Ω))

→ +∞ as ∥v∥
L
−→q (0,T ;W 1,−→q

0 (Ω))
→ +∞.

Step 1: Pseudo-monotonicity of Φn

Let (uk)k≥1 be a sequence in L
−→q (0, T ;W 1,−→q

0 (Ω)) such that
uk ⇀ u in L

−→q (0, T ;W 1,−→q
0 (Ω)),

Φnuk ⇀ χn in L
−→q ′

(0, T ;W−1,−→q ′
(Ω)),

lim supk→+∞⟨Φnuk, uk⟩ ≤ ⟨χn, u⟩.
(7)

We aim to show that χn = Φnu and ⟨Φnuk, uk⟩ → ⟨χn, u⟩ as k → +∞.

From uk ⇀ u in L
−→q (0, T ;W 1,−→q

0 (Ω)) and the compact embedding (4) we
deduce that uk → u strongly in L1(QT ) and almost everywhere in QT .

Since (uk)k is bounded in L
−→q (0, T ;W 1,−→q

0 (Ω)), the growth condition of (|ξ|qi−2ξ)
implies that (|Diuk|qi−2Diuk)k is bounded in Lq′i(QT ). Thus, there exists ηi ∈
Lq′i(QT ) such that

|Diuk|qi−2Diuk ⇀ ηi in Lq′i(QT ), for all i = 1, . . . , N. (8)

Moreover,

|uk|q0−2uk ⇀ |u|q0−2u in Lq′0(QT ). (9)

For any v ∈ L
−→q (0, T ;W 1,−→q

0 (Ω)), we have

⟨χn, v⟩ =
N∑
i=1

∫
QT

ηiD
iv dx dt+

∫
QT

γ(x, t)|u|q0−2uv dx dt. (10)
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Combining (7) and (10), we obtain

lim sup
k→+∞

⟨Φnuk, uk⟩ ≤
N∑
i=1

∫
QT

ηiD
iu dx dt+

∫
QT

γ(x, t)|u|q0 dx dt.

Thus,

lim sup
k→+∞

{
N∑
i=1

∫
QT

|Diuk|qi dx dt+
∫
QT

γ(x, t)|uk|q0 dx dt

}

≤
N∑
i=1

∫
QT

ηiD
iu dx dt+

∫
QT

γ(x, t)|u|q0 dx dt.

(11)

On the other hand, the monotonicity condition yields

N∑
i=1

∫
QT

(
|Diuk|qi−2Diuk − |Diu|qi−2Diu

)
(Diuk −Diu) dx dt

+

∫
QT

γ(x, t)
(
|uk|q0−2uk − |u|q0−2u

)
(uk − u) dx dt ≥ 0.

Using (8) and (9) and combining the result with (11), we obtain

lim
k→+∞

{
N∑
i=1

∫
QT

|Diuk|qi dx dt+
∫
QT

γ(x, t)|uk|q0 dx dt

}

=
N∑
i=1

∫
QT

ηiD
iu dx dt+

∫
QT

γ(x, t)|u|q0 dx dt.

(12)

From (10) and (12), it follows that ⟨Φnuk, uk⟩ → ⟨χn, u⟩ as k → +∞.Moreover,

(12) and Proposition 7 gives us uk → u in L
−→q (0, T ;W 1,−→q

0 (Ω)). Consequently,
Diuk → Diu almost everywhere in QT , and |Diuk|qi−2Diuk → |Diu|qi−2Diu a.e.
in QT . Thus, |Diuk|qi−2Diuk ⇀ |Diu|qi−2Diu in Lq′i(QT ) for all i = 1, . . . , N.
Together with (9), this yields χn = Φnu.

Step 2: Boundedness of Φn

Using Hölder’s inequality, we establish for all u, v ∈ L
−→q (0, T ;W 1,−→q

0 (Ω))∣∣∣∣∫ T

0
⟨Φnu, v⟩ dt

∣∣∣∣ ≤ C0∥v∥L−→q (0,T ;W 1,−→q
0 (Ω))

.

This proves that Φn is bounded.
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Step 3: Coercivity of Φn

By the growth condition, we have for all u ∈ L
−→q (0, T ;W 1,−→q

0 (Ω))∣∣∣∣∫ T

0
⟨Φnu, u⟩ dt

∣∣∣∣ ≥ Cα∥u∥q−
L
−→q (0,T ;W 1,−→q

0 (Ω))
−N − γ0,

where Cα = min{1,γ0}
(N+1)q−−1 . This proves the coercivity of Φn.

Step 4: Uniqueness
Suppose there exist two weak solutions un and vn to Problem (6). Then zn =
un − vn satisfies 

∂zn
∂t +Φnzn =

fn(
|Tn(zn)|+ 1

n

)θ in QT ,

zn(x, t) = 0 on ΣT ,

zn(x, 0) = u0 in Ω.

Taking zn as a test function, we conclude that un = vn almost everywhere in QT .
◀

The following lemma establishes the strict positivity of the sequence (un) of
solutions to the approximate Problem (6), which we will apply later in the next
claims.

Lemma 2. Let un be a solution to Problem (6) given by Lemma 1. Then, for
every ω ⊂⊂ Ω, there exists a constant Cω > 0 (independent of n) such that

un ≥ Cω > 0 in ω × (0, T ), for all n ∈ N.

Proof. The proof follows with minor modifications from the techniques em-
ployed in [12] (see also [1]). ◀

Claim 2: Weak Convergence of Truncations
Taking Tk(un) (k ≥ 1) as a test function in Problem (6) and using Lemma 2,

we get the uniform bound

∥Tk(un)∥L−→q (0,T ;W 1,−→q
0 (Ω))

≤ C1k
1

q− for all k ≥ 1. (13)

To establish the decay estimate for the level sets, we observe that for any

k ≥ 1, kmeas{un > k} ≤ C2k
1

q− , which implies the measure estimate

meas{un > k} ≤ C2
1

k
1− 1

q−

→ 0 as k → +∞. (14)
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For any ν > 0, we decompose the measure as follows:

meas{|un − um| > ν} ≤ meas{un > k}+meas{um > k}
+meas{|Tk(un)− Tk(um)| > ν}.

(15)

From (14), for any ε > 0, there exists k0 = k0(ε) > 0 such that

meas{un > k} ≤ ε

3
and meas{um > k} ≤ ε

3
∀k ≥ k0. (16)

Moreover, by (13), the sequence (Tk(un))n is bounded in L
−→q (0, T ;W 1,−→q

0 (Ω)).
Thus, there exists a subsequence (still denoted by (Tk(un))n) and a function ηk ∈
L
−→q (0, T ;W 1,−→q

0 (Ω)) such that Tk(un) ⇀ ηk in L
−→q (0, T ;W 1,−→q

0 (Ω)) as n →
+∞. The compact embedding (4) implies the strong convergence

Tk(un) → ηk in L1(QT ) and a.e. in QT .

Consequently, (Tk(un))n is a Cauchy sequence in measure, and for any ν, ε > 0,
there exists n0 = n0(k, ν, ε) such that

meas{|Tk(un)− Tk(um)| > ν} ≤ ε

3
for all n,m ≥ n0. (17)

Combining (15)–(17), we conclude that for any ε, ν > 0, there exists n0 =
n0(ν, ε) such that meas{|un−um| > ν} ≤ ε for all n,m ≥ n0. This shows that
(un)n is a Cauchy sequence in measure. Hence, there exists a subsequence (still
denoted by (un)n) converging almost everywhere to some measurable function
u, un → u a.e. in QT . Furthermore, the weak convergence of the trunca-

tions holds: Tk(un) ⇀ Tk(u) in L
−→q (0, T ;W 1,−→q

0 (Ω)). Finally, by the Lebesgue
dominated convergence theorem, we obtain the strong convergence Tk(un) →
Tk(u) in Lq0(QT ).
Claim 3: A Priori Estimates

Let h > 0. Taking Th+1(un) − Th(un) as a test function in Problem (6) and
using Lemma 2, we find

α

N∑
i=1

∫
{h≤un<h+1}

|Diun|qi dx dt+ γ0

∫
{h+1≤un}

(un)
q0−1 dx dt

≤
∫
{un≥h}

f

Cθ
ω

dx dt+

∫
Ω
φh+1(u0,n) dx−

∫
Ω
φh(u0,n) dx.

(18)

Applying the Lebesgue dominated convergence theorem to the right-hand side
terms of (18), and noting that u0 ∈ L1(Ω) and Cθ

ω > 0, we obtain:∫
{un≥h}

f dx dt→ 0 as h→ +∞, (19)
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and ∫
Ω
φh+1(u0,n) dx−

∫
Ω
φh(u0,n) dx ≤

≤
∫
{h≤u0,n<h+1}

1

2
dx+

∫
{h+1≤u0,n}

u0 dx→ 0 as h→ +∞. (20)

Combining (18)–(20), we obtain the following decay estimates:

N∑
i=1

∫
{h≤un<h+1}

|Diun|qi dx dt→ 0 as h→ +∞, (21)

and ∫
{h+1≤un}

|un|q0−1 dx dt→ 0 as h→ +∞. (22)

Claim 4: Equi-integrability of the Nonlinear Terms By Claim 2, we have
|un|q0−2un → |u|q0−2u a.e. in QT . To apply Vitali’s convergence theorem, we
verify the uniform equi-integrability of (|un|q0−2un)n. From the estimate (22) in
Claim 3, for any η > 0 there exists h(η) > 0 such that

∫
{un≥h(η)}(un)

q0−1 dx dt ≤
η
2 for all n ∈ N. The pointwise convergence and equi-integrability conditions
allow us to apply Vitali’s convergence theorem, yielding the desired strong con-
vergence:

|un|q0−2un → |u|q0−2u strongly in L1(QT ). (23)

Claim 5: Weak Convergence of Time Derivatives
Let Sh ∈ C2(R) be an increasing truncation function satisfying Sh(r) = r for

|r| ≤ h, supp(S′
h) ⊂ [−h− 1, h+ 1], and supp(S′′

h) ⊂ [−h− 1,−h] ∪ [h, h+ 1].

For any test function v ∈ L
−→q (0, T ;W 1,−→q

0 (Ω))∩L∞(QT ), we use S′
h(un)v as a

test function in Problem (6) to obtain the estimate∣∣∣∣∫ T

0

〈
∂Sh(un)

∂t
, v

〉
dt

∣∣∣∣
≤

N∑
i=1

∫
QT

∣∣|Diun|qi−2Diun
∣∣ ∣∣S′

h(un)D
iv + S′′

h(un)vD
iun
∣∣ dxdt

+∥γ∥L∞(QT )

∫
QT

(un)
q0−1|S′

h(un)v|dxdt+
∫
QT

fn
Cθ
ω

|S′
h(un)v|dxdt. (24)

Estimate of the Diffusion Terms: For the first term in (24), we have

N∑
i=1

∫
{|un|≤h+1}

|Diun|qi−1
(
|S′

h(un)||Div|+ |S′′
h(un)||v||Diun|

)
dxdt

≤ C4

(
∥v∥

L
−→q (0,T ;W 1,−→q

0 (Ω))
+ ∥v∥L∞(QT )

)
.

(25)
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Estimate of the Lower Order Terms: The remaining terms in (24) satisfy

∥γ∥L∞(QT )

∫
QT

|un|q0−1|S′
h(un)v|dxdt+

∫
QT

fn
Cθ
ω

|S′
h(un)v|dxdt

≤ C5

(
∥v∥

L
−→q (0,T ;W 1,−→q

0 (Ω))
+ ∥v∥L∞(QT )

)
.

(26)

Uniform Bound on Time Derivatives: Combining (24)-(26) yields:∣∣∣∣∫ T

0

〈
∂Sh(un)

∂t
, v

〉
dt

∣∣∣∣ ≤ C6

(
∥v∥

L
−→q (0,T ;W 1,−→q

0 (Ω))
+ ∥v∥L∞(QT )

)
,

where C6 is independent of n.

This establishes that the sequence
(
∂Sh(un)

∂t

)
n
is bounded in the space

L
−→q ′

(0, T ;W−1,−→q ′
(Ω)) + L1(QT ),

and consequently,

∂Sh(un)

∂t
⇀

∂Sh(u)

∂t
in L

−→q ′
(0, T ;W−1,−→q ′

(Ω)) + L1(QT ). (27)

Claim 6: Strong Convergence of the Gradients

Let k ≤ h and consider sufficiently large n. Using S′
h(un)(Tk(un)− Tk(u)) as

a test function in Problem (6), we obtain the decomposition

J 1
n,h + J 2

n,h + J 3
n,h + J 4

n,h = J 5
n,h

where the terms are defined as

J 1
n,h =

∫ T

0

∫
Ω

∂Sh(un)

∂t
(Tk(un)− Tk(u))dxdt,

J 2
n,h =

N∑
i=1

∫
QT

S′
h(un)(|Diun|qi−2Diun)(D

iTk(un)−DiTk(u))dxdt,

J 3
n,h =

N∑
i=1

∫
QT

(Tk(un)− Tk(u))S
′′
h(un)|Diun|qidxdt,

J 4
n,h =

∫
QT

γ(x, t)|un|q0−2unS
′
h(un)(Tk(un)− Tk(u))dxdt,

J 5
n,h =

∫
QT

fnS
′
h(un)(Tk(un)− Tk(u))

(|Tn(un)|+ 1
n)

θ
dxdt.
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Analysis of J 1
n,h: From the weak convergence in (27), we have:

lim inf
n→∞

J 1
n,h = lim inf

n→∞

∫
Ω
φk(Sh(un(T )))dx−

∫
Ω
φk(Sh(u(T )))dx ≥ 0,

where the non-negativity follows from Fatou’s lemma and the pointwise conver-
gence of φk(Sh(un(T ))).
Analysis of J 2

n,h: Using the properties of Sh and the weak convergence of
gradients, we obtain

J 2
n,h ≥

N∑
i=1

∫
QT

(
|DiTk(un)|qi−2DiTk(un)− |DiTk(u)|qi−2DiTk(u)

)
× (DiTk(un)−DiTk(u))dxdt+ ε2(n),

where ε2(n) → 0 as n→ ∞ by the weak convergence properties.
Analysis of J 3

n,h: Since supp(S′′
h) ⊂ [−h− 1,−h] ∪ [h, h+ 1], we have

J 3
n,h ≤ C

N∑
i=1

∫
{h<un≤h+1}

|DiTh+1(un)|qidxdt→ 0 as n, h→ ∞.

Analysis of J 4
n,h and J 5

n,h: The remaining terms satisfy

J 4
n,h ≥ γ0

∫
QT

(
|Tk(un)|q0−2Tk(un)− |Tk(u)|q0−2Tk(u)

)
(Tk(un)−Tk(u))dxdt+ε3(n).

and J 5
n,h ≤ 1

(n+ 1
n
)θ

∫
QT

fn|Tk(un)− Tk(u)|dxdt→ 0 as n→ ∞
Combining all estimates yields:

lim
n→∞

[
N∑
i=1

∫
QT

(
|DiTk(un)|qi−2DiTk(un)− |DiTk(u)|qi−2DiTk(u)

)
× (DiTk(un)−DiTk(u))dxdt

+ γ0

∫
QT

(
|Tk(un)|q0−2Tk(un)− |Tk(u)|q0−2Tk(u)

)
(Tk(un)− Tk(u))dxdt

]
= 0

Applying Proposition 7, we conclude the strong convergence

Tk(un) → Tk(u) in L
−→q (0, T ;W 1,−→q

0 (Ω)) for all k > 0,

and Diun → Diu a.e. in QT .

Claim 7: The Convergence of un in C([0, T ];L1(Ω))
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Let un (resp. um ) be the weak solution of the approximate problem (6) for
the integer n (resp. m), and for 0 < s ≤ T . Taking ψ = T1(un − um) · χ[0,s] as a
test function and using Young’s inequality, (23), and DiT1(un − um) = (Diun −
Dium) ·χ{|un−um|≤1}, we deduce that

∫
Ω |un(s)−um(s)| dx→ 0, as n,m→ +∞.

Hence, un is a Cauchy sequence in C([0, T ];L1(Ω)). Therefore, un converges to
u ∈ C([0, T ];L1(Ω)) and for all 0 ≤ s ≤ T we have un(s) → u(s) in L1(Ω).

Claim 8: Passage to the Limit

Let Ψ ∈ L
−→q (0, T ;W 1,−→q

0 (Ω))∩L∞(QT ) with ∂tΨ ∈ L
−→
q′ (0, T ;W−1,

−→
q′ (Ω))+L1(QT )

and M = k + ∥Ψ∥L∞(QT ) with k > 0.
We take Tk(un −Ψ) as a test function in (6). Then∫ T

0

〈∂un
∂t

, Tk(un −Ψ)
〉
dt+

N∑
i=1

∫
QT

|Diun|qi−2Diun ×DiTk(un −Ψ) dx dt

+

∫
QT

γ(x, t)|un|q0−2unTk(un −Ψ) dx dt

=

∫
QT

fn(
|Tn(un)|+ 1

n

)θ Tk(un −Ψ) dx dt.

(28)

For the first term on the left-hand side of (28), since un → u in C([0, T ];L1(Ω)),
we have un(T ) → u(T ) in L1(Ω). It follows that∫

Ω
φk(u0,n −Ψ(0)) dx→

∫
Ω
φk(u0 −Ψ(0)) dx, as n→ +∞,

and

∫
Ω
φk(un(T )−Ψ(T )) dx→

∫
Ω
φk(u(T )−Ψ(T )) dx, as n→ +∞,

(29)

Now, we have ∂Ψ
∂t ∈ L

−→
q′ (0, T ;W−1,

−→
q′ (Ω)) + L1(QT ), and since Tk(un −Ψ)⇀

Tk(u−Ψ) in L
−→q (0, T ;W 1,−→q

0 (Ω)) and weak-⋆ in L∞(QT ), we get∫
QT

∂Ψ

∂t
Tk(un −Ψ) dx dt→

∫
QT

∂Ψ

∂t
Tk(u−Ψ) dx dt. (30)

Concerning the second term on the left-hand side of (28), using Fatou’s
Lemma, we obtain

lim inf
n→+∞

N∑
i=1

∫
QT

|Diun|qi−2Diun ×DiTk(un −Ψ) dx dt

=

∫
QT

|Diu|qi−2Diu×DiTk(u−Ψ) dx dt.

(31)
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Also, since Tk(un −Ψ)⇀ Tk(u−Ψ) weak-⋆ in L∞(QT ), and thanks to (23),
we deduce that ∫

QT

γ(x, t)|un|q0−2unTk(un −Ψ) dx dt

−→
∫
QT

γ(x, t)|u|q0−2uTk(u−Ψ) dx dt,

(32)

and similar to the proof of [[26], Lemma 5.2] ( see also [[12], (3.7)]) , we deduce∫
QT

fn(
|Tn(un)|+ 1

n

)θ Tk(un −Ψ) dx dt→
∫
QT

f

uθ
Tk(u−Ψ) dx dt, (33)

By combining (28)-(33), we conclude the proof.

3.2. Renormalized solutions

Here, we give the definition of the concept of a renormalized solution to prob-
lem (2).

Definition 6. For 0 < θ ≤ 1, 0 ≤ u0 ∈ L1(Ω), and 0 ≤ f ∈ L1(QT ), a function

u ∈ T 1,−→q
0 (QT )∩C([0, T ];L1(Ω)) is called a renormalized solution to problem (2)

if it satisfies:

1. Positivity condition: u is strictly positive on Ω × (0, T ), meaning that
for every ω ⊂⊂ Ω, there exists Cω > 0 such that: u ≥ Cω > 0 in ω× (0, T ),
and |u|q0−2u ∈ L1(QT ).

2. Renormalized equality: For all test functions ϕ ∈ L
−→q (0, T ;W 1,−→q

0 (Ω)) ∩
L∞(QT ) with ∂tϕ ∈ L

−→
q′ (0, T ;W−1,

−→
q′ (Ω)) + L1(QT ), the following holds:

� lim
h→+∞

N∑
i=1

∫
{h≤u≤h+1}

|Diu|qi dx dt = 0,

� ∫
QT

∂S(u)

∂t
φ dx dt+

N∑
i=1

∫
QT

|Diu|qi−2Diu · (S′′(u)φDiu+ S′(u)Diφ) dx dt

+

∫
QT

γ(x, t)|u|q0−2u · S′(u)φdx dt

=

∫
QT

fS′(u)φ

uθ
dx dt,

(34)
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for every function φ ∈ L
−→q (0, T ;W 1,−→q

0 (Ω)) ∩ L∞(QT ), and any renormalization
S(·) ∈ C∞(R) such that suppS′(·) ⊆ [−M,M ] for some constant M > 0.

Theorem 2. Under the assumptions 0 < θ ≤ 1, 0 ≤ f ∈ L1(QT ), and 0 ≤ u0 ∈
L1(Ω), the entropy solution u in Theorem 1 is also a renormalized solution for
problem (2).

Proof. We shall prove that every entropy solution u satisfies all the properties
of renormalized solutions.

Indeed, in view of Theorem 1, there exists a subsequence (un)n of solu-
tions for the approximate problems (6) such that Tk(un) strongly converges to

Tk(u) in L
−→q (0, T ;W 1,−→q

0 (Ω)) for any k > 0, and satisfies |un|q0−2un → |u|q0−2u
strongly in L1(QT ). Also, thanks to (21) and Fatou’s Lemma, we deduce that

N∑
i=1

∫
{h≤u<h+1}

|Diu|qi dx dt

≤ lim inf
h→+∞

N∑
i=1

∫
{h≤un<h+1}

|Diun|qi dx dt→ 0, as h→ +∞.

Now, we will show the equality (34). Let φ ∈ L
−→q (0, T ;W 1,−→q

0 (Ω)) ∩ L∞(QT )
and S(·) ∈ C∞(R) with suppS′(·) ⊂ [−M,M ] for some constant M > 0. By
taking S′(un)φ as a test function in (6), we obtain∫ T

0

〈∂un
∂t

, S′(un)φ
〉
dt

+
N∑
i=1

∫
QT

|Diun|qi−2Diun ×Di(S′(un)φ) dx dt

+

∫
QT

γ(x, t)|un|q0−2unS
′(un)φdx dt

=

∫
QT

fnS
′(un)φ(

|Tn(un)|+ 1
n

)θ dx dt.
(35)

First, from (27), we have ∂Sh(un)
∂t ⇀ ∂Sh(u)

∂t in L
−→
q′ (0, T ;W−1,

−→
q′ (Ω))+L1(QT ),

and then

lim
n→+∞

∫ T

0

〈∂un
∂t

, S′(un)φ
〉
dt =

∫
QT

∂S(u)

∂t
φ dx dt. (36)

Concerning the second term on the left-hand side of (35), we have∫
QT

|Diun|qi−2Diun ·Di(S′(un)φ) dx dt
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=

∫
QT

|DiTM (un)|qi−2DiTM (un) · (S′′(un)φD
iTM (un) + S′(un)D

iφ) dx dt.

We have (|DiTM (un)|qi−2DiTM (un))n is bounded in (Lq′i(QT ))
N , and

|DiTM (un)|qi−2DiTM (un) → |DiTM (u)|qi−2DiTM (u) a.e. in QT .

It follows that |DiTM (un)|qi−2DiTM (un) ⇀ |DiTM (u)|qi−2DiTM (u) in Lq′i(QT ),
and since S′′(un)φD

iTM (un)+S
′(un)D

iφ→ S′′(u)φDiTM (u)+S′(u)Diφ in Lqi(QT ),
we conclude that

lim
n→+∞

∫
QT

|DiTM (un)|qi−2DiTM (un) · (S′′(un)φD
iTM (un) + S′(un)D

iφ) dx dt

=

∫
QT

|Diu|qi−2Diu · (S′′(u)φDiu+ S′(u)Diφ) dx dt.

(37)

Moreover, since S(un)φ ⇀ S(u)φ weak-⋆ in L∞(QT ), using (23) we get∫
QT

γ(x, t)|un|q0−2unS
′(un)φdx dt→

∫
QT

γ(x, t)|u|q0−2uS′(u)φdx dt. (38)

With some modifications as in (33), we find∫
QT

fnS
′(un)φ(

|Tn(un)|+ 1
n

)θ dx dt→ ∫
QT

fS′(u)φ

uθ
dx dt. (39)

By combining (35)-(39), we deduce that u is a renormalized solution to prob-
lem (2). ◀
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