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Nonlinear Anisotropic Parabolic Problem
Involving a Singular Nonlinearity
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Abstract. In this work, we prove the existence and uniqueness of both entropy solution
and renormalized solution for an anisotropic singular parabolic 7—Lap1acian equations
using the penalization method. Moreover, we prove that the entropy solution coincide
with the renormalized solution.
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1. Introduction

This paper investigates a nonlinear Dirichlet parabolic problem. We begin by
considering the model problem:

8tu—Au+’yu:i9 in Qr,
u

u(z,t) =0 on X, (1)
u(x,0) = ug(x) in Q,

where Q € RN (N > 2) is an open bounded domain with Lipschitz boundary
0Q. Here, Qr = Q x (0,T) denotes the space-time cylinder with 7' > 0, and
Yp = 0Q x (0,T) represents the lateral boundary. We assume that v > 0,
f € LY(Q7) is non-negative, and 0 < # < 1. The initial condition ug € L'()
is strictly positive on compact subsets of €2, i.e., for every w CC 2, there exists
Cy > 0 such that up(x) > C,, > 0 in w.

We extend problem (1) to the more general anisotropic case:
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B — A () + (D20 = L m Qr,
u(a.t) = 0 on 1. @)
u(z,0) = up(x) in €,

where 7 = (qo,q1,--.,qn) With 1 < ¢; < oo for i = 0,1,...,N. The operator
A~ is a Leray-Lions type operator defined by

N
Az (u) = Z Oz, (|D'u|%2D"), where D'u = 0,,u,
i=1

a mapping between the anisotropic parabolic space L7(O,T : W177(Q)) and its

dual L?(O,T; W_l’?(Q)). The coefficient v(z,t) € L*(Qr) satisfies y(x,t) >

0 > 0 almost everywhere in Q7.

Problem (2) arises in various physical contexts, including chemical hetero-
geneous catalyst kinetics [4], thermo-conductivity problems [14], boundary layer
phenomena for viscous fluids [15], electromagnetic field theory [16], non-Newtonian
fluid dynamics [22], and turbulent flow of gas in porous media [23]. The study
of nonlinear parabolic equations has led to two fundamental solution concepts:
renormalized solutions, introduced by Di Perna and Lions [11] for the Boltzmann
equation, and entropy solutions developed independently by Bénilan et al. [6].
Subsequent developments in entropy solutions can be found in [3].

For the isotropic nonsingular case (f = 0), Boccardo et al. [7] established
existence and regularity results for solutions of

O — div(|VulT™2Vu) + yolu|® tu = f in Qr,
u(x,t) =0 on X,
u(x,0) =0 in Q,

with ¢ > 1+ ¥, g0 > 2AH=N 50 > 0, and f € LY(Qr).
In the anisotropic setting (6 = 0), Mokhtari et al. [20] considered measure-
valued data:
Ou+ Au+ F(t,z,u,Du) = f in Qr,
u(x,t) =0 on X,
u(z,0) = fo in Q,

where Au = —div(a(z,t,u, Du)) and the Carathéodory functions a and F' satisfy
appropriate anisotropic growth conditions.
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For constant exponent anisotropic problems, Chrif et al. [8] proved existence
results for entropy and renormalized solutions of

ou+ Au+ F(t,z,u) = f in Qr,
u(z,t) =0 on X7,
u(z,0) = ug in Q,

where f € LY(Qr), uo € L*(Q), Au = —div(a(z,t,u, Du)), and the Carathéodory
functions a(x,t,u, &) and F(z,t,u) satisfy some anisotropic growth conditions.
The variable exponent case was studied by Mecheter et al. [19]:

O — N Di(di(t, z,u)ai(t, , Du)) + F(t,z,u) = f  in RN x (0,7),
u(z,0) = ug on RV,

where T > 0, f € LY(0,T;LL (RY)), up € LL _(RY), and the Carathéodory
functions a;, d;, and F' satisfy anisotropic growth conditions.

Moreover, Abdelaziz et al. [2] proved the existence and regularity for

N

D@2,

=Y | Dy (D) )| < f o,
i=1 (In(e + |ul))

u(z,t) =0 on X,

u(0,x) = up(z) in Q,

where ¢;(+), s;(-) € C() take values in (1,00), m,o € C(Q) with m(-) > 1 and
J() >0, f S m¢) (QT), and ug € L(m(')71)5+(')+1(9) with S+(~) = MaXi<i<N SZ(>

For singular isotropic problems (6 # 0), De Bonis et al. [9] established exis-
tence and regularity results for

fo.
Ou — Aqu = 7 in Qr,
u(z,t) =0 on X7,
u(z,0) = ug(z) in £,

with @ >0,¢>2, f>0, f € L"™(Qr) (m > 1), and uy € L*().
Khelifi et al. [18] considered more general nonlinearities:

Ou — div(a(z,t,u, Du)) = fg(u) in Qr,
u(xz,t) =0 on X,
u(z,0) =0 in €2,
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where g satisfies g(s) < C/s? (0 < 6 < 1) and a satisfies

a|Dul? q q
t,u,Du) - Du> 28 < 14+ L 9(1 —),
a(z,t,u, Du) u_(1—|—|u|)‘7 0<o<gq +N+ +

with o > 0.
Additionally, Mounim et al. [21] addressed

atu - div(a(x,t,u, DU)) + ‘u|s_1u = fg(u) in QT7
u=0 on X,
u(xz,0) =0 in €,

where g satisfies g(s) < C/s? (0 < 6 < 1) and a satisfies

alDul?

: > o
a(z,t,u, Du) - Du > A Ja)r@D’

0<o <1,

with a > 0 and C' > 0.
Recently, Zaater et al. [26] studied the existence of bounded solutions for

N . .
ud (1 4 |Du|) "t Du + |Du|%~2Du f
Oru — Dl == i )
=2 ( (L7 ul)? W O
u(z,t) =0 on X,
u(z,0) =0 in Q,

where 2 < ¢; < N for every i =1,...,N, 0,60 > 0, and 0 < f € L™(Qr) with
m > % + 1. Their approach was based on Stampacchia’s lemma, using carefully
chosen test functions to obtain a priori estimates.

Regarding parabolic problems involving ¢(z)-Laplacian, a power, and a sin-
gular nonlinearity, we mention the result of Panda et al. [24], where the authors
proved the existence of a non-negative weak solution for

Opu — A gpyu = M@= 0@ g 4 F o in Qr,

u(z,t) =0 on X,

u(z,0) = ugp in Q,
where A € (0,00), f € LY(Q71), g € L®(Q), up € L"() with r» > 2,5 : Q —
(0,00) is continuous, and p,q € C(Q) with max_ .gq(z) < N and p(-) < ¢*(:).
Two cases were distinguished according to the choice of f with different ranges
of parameters ¢(-) and p(-).
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Our work establishes the well-posedness (existence and uniqueness) of entropy
and renormalized solutions to problem (2) using penalization methods. The main
challenges consist of proving the convergence of gradients and handling the non-
linear dependence of the operator —A7(u) on the gradient Du. Moreover, the
standard tools and techniques available for the nonsingular setting cannot be
directly extended to the singular setting.

The paper is organized as follows: Section 2 presents preliminary results on
anisotropic parabolic spaces. Section 3 proves the existence of entropy solutions,
and the final section establishes their equivalence with renormalized solutions.

2. Preliminaries on Anisotropic Function Spaces

In this section, we present fundamental definitions and results concerning
anisotropic Sobolev spaces and parabolic spaces used to study our parabolic 7—
Laplacian problem (2). Let Q ¢ RY (N > 2) be an open bounded domain with
boundary 0f2. Consider N + 1 exponents qo, q1, ..., qn satisfying 1 < ¢; < o0
for i = 0,...,N. We define: ¢ = (90,q1,.-.,qn), D% = u, and Diu =
Oz, q— =min{qo, q1,...,qn} > 1

2.1. Anisotropic Sobolev Spaces
The anisotropic Sobolev space is defined as
WhT(Q) = {ue L%Q) | D'u e LU(Q) fori=1,...,N},

equipped with the norm
N .
lullyr7 @) = D 1D ull Lai () (3)
i=0

The space VVO1 ?(Q) is defined as the closure of C§°(Q2) in W1’7(Q) under

the norm (3). Both Wt (Q) and W, 7(Q) are separable and reflexive Banach
spaces.

Proposition 1 ([13]). For any u € W&’7(Q), the following statements hold:
(i) Poincaré inequality: There exists Cy > 0 such that

Jull e () < CqllD'ul|as(y fori=1,...,N.
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(ii) Sobolev inequality: There exists Cs > 0 such that

N
CS i
ull Lr@) < N Z | D*ull pai ()

i=1
=g ifg< N
wheref NZz (L oandr = 7= fq ’
i any r € [1,400) ifg> N.

Proposition 2 ([10]). Let @ C RN (N > 2) be bounded. Then:

. Ifq < N then W0 7(Q) —<— L"(Q) is compact for any r € [1,q¢*), where

q, - qf N'
e IfG= N, then W01’7(9) —— L"(Q) is compact for any r € [1,+00).
o Ifg> N, then Wolj(Q) s L®(Q) N CY(Q) is compact.

Proposition 3 ([5]). The dual space W*L?(Q) ofW(}’?(Q), where ? = (g0, 41> - dN)
with % + % =1, has the following properties:

e For each F € W_l’?(Q), there exist fo € L(Q) and f; € L%(Q) (i =
., N) such that F = fo — SN Dif;.

e The duality pairing is given by (F,u) = Zij\io fQ fiDiU dx Vu € W()L?(Q)'
. N A — £ _ SN pig
@ _1nf{zi:0|]szng(Q) | F=fo—> ;21D fz}.

For complete proofs and additional details, we refer to [5, 13].

e The dual norm is || F|| =
W-La

2.2. Anisotropic Parabolic Spaces

Let Qr = Q x (0,7) with 0 < T' < co. We define the anisotropic parabolic
space:

Definition 1. The space L7(O, T;wh 7( Q) consists of all measurable functions
u: Qr — R satisfying Y1, fOT | D u(t) || %, (@)@t < 0o and equipped with the norm

el 7 (0 w7 () = oo 1Dl Lai )
Definition 2. The space L7(0,T; W017(Q)) is defined as

L70,T;wh7(Q) = {u e LT, T;WhT(Q)) | u=0 on 92 x [o,T]}.
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Remark 1. Both L7(O,T; W1’7(Q)) and L7(O,T; W(}?(Q)) are separable and
reflexive Banach spaces.

Definition 3. Let k& > 0. The truncation function Tp: R — R s defined by
s if |s| <k, , . L

Ti(s) = _ where sgn denotes the sign function. Its primitive
ksgn(s) if |s| > k,

2

5 if [r| <k,

w2 . Note that
klr| = %5 if [r] > k.

or: R = RT is given by @i(r) = [o Ti(s)ds = {

or(r) >0 and i (r) < k|r| for all r € R.
We define the space

77 (Qr) =
= {u: Q7 — R measurable | Ty(u) € L7(O,T; Wolj(Q)), D'Ty(u) € L%(Qr)}.

Definition 4. The dual space of L7(0,T; W&’7(Q)) is defined as

= =
LT(0,T;WH7(Q))

N .
= {F:fO_Zszi

=1

fO € Lqé(QT)a fZ € Lq;(QT) fO?"i: 1a" . 7N}7

equipped with the norm

N N
11| = inf { 2 il ' F = fo=Y D'fi with fo € L(Qr), fi € Lq¥<QT>}-
=0 i=1

The duality pairing between L7(O,T; W1’7(Q)) and L?(O,T; W_l"?(Q)) is

given by
T N 4
/0 (Fooydt =Y g fiDivdzdt for allv e LT (0, T; Wh7(Q)).
j— T

Proposition 4 ([27]). Let u € 761’7(QT). For each i =1,...,N, there ezists a
unique measurable function v;: QT — R such that

DTy (u) = v; - X{jul<k} @-€ in Qr for all k>0,

where x4 denotes the characteristic function of A.

The functions v; are called the weak partial derivatives of u and are denoted
by Diu. Moreover, if u € L'(0,T; Wol’l(Q)), then v; coincides with the standard
distributional derivative of u, i.e., v; = D'u.
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Proposition 5 ([25]). Let g and p satisfy either 1 < ¢ < oo andp =1, orq = o0
and p > 1. Consider three Banach spaces E1, F', and Fy such that the embedding
FE| —<— F is compact, and the embedding F' — Fs is continuous.

If (up)n is a bounded sequence in L1(0,T; Ey) with (8“” )n bounded in LP(0,T; E2),
then there exists u € LY(0,T; F') such that, for some subsequence,

Up, — u  strongly in LY(0,T; F).

That is, (un)n is precompact in L9(0,T; F).
Remark 2. For the case q = p = 1, take By = Wol’l(Q), F=LYQ), and E,=
W-LL(Q). Here we have the compact embedding WOI’I(Q) —— LYQ), and the
continuous embedding L' (2) — W~11(Q).

This gives the compact embedding

{u e LY(0, T; W' () ?;t‘ e L'(0,T; W“(Q))} —— LY(Qr).

Furthermore, when q_ > 1, the continuous embeddings
WOI’?(Q) — WOI’I(Q) and W‘lv?(Q) N W_lvl(Q)

imply the compactness of
{u e L7(0,T;Wh7 () ] e L7 0, T; w17 (0 ))} e LNQp).  (4)

Proposition 6. ([17]) Let (uyp), be a sequence in L'(Q) and u € LY(Q) be such
that u, — u almost everywhere in 2, u, > 0 and u > 0 almost everywhere in €2,

and / Uy dx — / wdxz. Then u, — u strongly in L'(Q).
Q Q

Proposition 7. Let (un)n be a sequence in L7(O T; W1 7( Q) such that (Opup)n

is bounded in Lq 0, T, W~ _?(Q)), Up, — u weakly in L7(0,T; Wolj(Q)), and
the following convergence holds:

N
Z/ (\Diunl‘h_2Diun — |D*u|%"2D") (D"uy, — D'u) da dt
=1 ()
+ / (Jun | 2wy — [u|®2u) (un — u) do dt — 0.

Qr

Then u, — u strongly in L7(O, T; W(}?(Q)) for a subsequence.

Proof. Following the approach in [8], by using (5) and Proposition 6 we
get [un|? — |u|% in LY(Qr), and |D'u,|% — |Du|% in L'(Qr), which estab-
lishes u,, — u in L7(O,T; W017(Q)) <
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3. Existence Results

3.1. Entropy Solutions

We begin by defining the concept of an entropy solution to problem (2).

Definition 5. For 0 <0 <1, 0 <ug € LY(Q), and 0 < f € LY(Qr), a function
u € 761’7(QT) N C([0,T); L*()) is called an entropy solution to problem (2) if
it satisfies:

1. Positivity condition: u is strictly positive on Q x (0,T), meaning that
for every w CC Q, there exists Cy, > 0 such that: u> Cy, > 0 inw x (0,7,
and |u|®~2u € LY(Qr).

2. Entropy inequality: For all test functions ¢ € L7(O,T; W017(Q)) N
L>*(Qr) with 0y¢ € L?(O,T; W‘l’?(Q)) + LY(Qr), the following holds:

/Q or(u— @) (T)dx — / or(u—¢)(0)dx + Ot - Ti(u — ¢)dxdt

Q QT

N
+ Z/ |Du|% 2Dy - DT}, (u — ¢)dxdt + / y(z, 1) [u| 2 - Ty (u — ¢)dadt
i=1 7 QT

T

< [ Lnit- o,

Qr Y
where @ is the primitive of the truncation function T.

Theorem 1. Under the assumptions 0 < 0 <1,0< f € LY(Qr), and 0 < ug €
LY(Y), there exists at least one entropy solution to problem (2).

Proof. Claim 1: Non-singular Approximate Problem

Consider sequences (fp)n in L?/(O,T; W‘lv?l(Q)) N LY(Qr) and (ugyp), in
Cs°(Q) such that f, — f in LY(Qr) with f,, = T,(f) and 0 < f,, < f, and
Uo,n — Up in LY(Q) with 0 < uo,n = Tn(uo) < up.

We study the approximate problem

fn

Oun

+ ®puy = in QT
ot 9 5
(‘Tn(un)’ + %) (6)
un(x,t) =0 on X,
up(2,0) = ug in €,

where the operator ®,, is defined by ®,u := —A7u + ’y(w,t)]u\qo—2u7 with v €
L*>®(Qr) satisfying y(x,t) > v > 0 a.e. in Q7. <«
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Remark 3. For a fired n € N, the right-hand side of Problem 6 is bounded
in L>®(Qr). This allows us to employ standard methods (such as Schauder’s
fizxed-point theorem [1, 12], variational methods [27], or the semi-discretization
approach [24]) to establish the existence of solutions to Problem 6.

The following lemma establishes the existence of solutions to the approximate
Problem 6.

Lemma 1. For a fixed n € N, Problem 6 admits a unique non-negative weak
solution uy, € L7(0,T; W(}?(Q))

Proof. Consider the operator @, : L7(0, T; Wolj(Q)) — L7 (0,T; W‘lv?l(Q)),
which is pseudo-monotone, bounded, and coercive in the following sense:

fo D0, v) dt
[[v]]

— 400 as | — 400.

L7 0,rwh 7 (Q
L7 0,rwE 7 () OTWo ()

Step 1: Pseudo-monotonicity of &,
Let (ux)r>1 be a sequence in L7(O7 T, W017(Q)) such that

up — u in L7 (0,7, Wh7 (),
D up — Xn in L7’ 0,7, W~— 17/(9)) (7)
lim Supka+oo<q)nuk, ug) < (Xn, U)-
We aim to show that x, = ®,u and (P, uk, ugp) — (xn,u) as k — +oo.
From up — u in L7(0,T; W017(Q)) and the compact embedding (4) we
deduce that uy — u strongly in L!'(Qr) and almost everywhere in Q7.

Since (ug ) is bounded in L7 (0,7 VV(}’7 (2)), the growth condition of (|¢|%~2¢)
implies that (|Dug|%~2D%uy); is bounded in L% (Qr). Thus, there exists n; €
L% (Qr) such that

|Diug|% 2Dy, — m; in L%(Qr), foralli=1,..., N. (8)

Moreover,
g 2w = [u®%u in LO(Qr). (9)

For any v € L7(O,T; Wol’j(ﬂ)), we have

{Xn, v Z/ mD’vdwdt—&—/ v(z, ) |u| 2w dz dt. (10)
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Combining (7) and (10), we obtain

N
lim sup(®, ug, ug) < Z/ niD'u dx dt—i—/ v(z, t)|u]|® dz dt.
i=17Qr

k}*)JrOO T

Thus,
N .
lim sup {Z/ | D u|% dx dt + / ¥(z, t)|ug | dz dt}

k—+oo |3 JQr Qr

N (11)
< Z/ n; D'u dx dt + / y(x,t)|u|? dz dt.
i=1 T Qr

On the other hand, the monotonicity condition yields
> / (|D*ug|% 2Dy, — | D'u|%~2 D) (D'uy, — D'u) da dt
i—1 Y QT
+/ Y(w,t) (Jug|© ?uy — |u\q°72u) (ug —u)dxdt > 0.
Qr

Using (8) and (9) and combining the result with (11), we obtain
N
li s 9
m {Z/ | D" ug| da:dt—&-/@ (2, t)|ug| dxdt}
i=1 T T

N (12)
= Z/ ni D' dx dt + / (2, t)|ul® dx dt.

From (10) and (12), it follows that (®,uk, ug) — (xn,u) as k — +oo. Moreover,
(12) and Proposition 7 gives us up — u in L7(O,T; W87(Q)) Consequently,
D'uy, — D'u almost everywhere in Qr, and |D'uy|%~2Diuy, — |Diu|% 2Dy a.e.
in Qr. Thus, |D'uy|%~2D'uy, — |D'u|% 2Dy in L%(Qr) foralli=1,...,N.
Together with (9), this yields x, = ®,u.

Step 2: Boundedness of &,
Using Holder’s inequality, we establish for all u,v € L7 (0,75 VVO1 7(Q))

T
/0 (Pru,v) dt‘ < COHUHL?(O,T;W(}E}(Q))'

This proves that ®,, is bounded.
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Step 3: Coercivity of ¢,
By the growth condition, we have for all u € L7(0, T, W017(Q))

T
> - N
/o<‘1’n“’“>dt'—C‘“”“‘momw&%» Voo

min{:l?’y()}

(N41)9-—1°
Step 4: Uniqueness

Suppose there exist two weak solutions u, and v, to Problem (6). Then z, =

Un — Uy, satisfies

where C, = This proves the coercivity of ®,.

0z fn .

o 4 Oz, = in Qr

ot n?n 0 ,
Zn(x,t) =0 on X,
zn(2,0) = ug in Q.

Taking z, as a test function, we conclude that u,, = v, almost everywhere in Q7.
|

The following lemma establishes the strict positivity of the sequence (uy,) of
solutions to the approximate Problem (6), which we will apply later in the next
claims.

Lemma 2. Let u, be a solution to Problem (6) given by Lemma 1. Then, for
every w CC , there exists a constant Cy, > 0 (independent of n) such that

Up > Cy >0 inwx(0,T), forallneN.

Proof. The proof follows with minor modifications from the techniques em-
ployed in [12] (see also [1]). «

Claim 2: Weak Convergence of Truncations
Taking Ty (uy,) (k > 1) as a test function in Problem (6) and using Lemma 2,
we get the uniform bound

1
1Tl o gy 7y < Crk7 forall k> 1. (13)

To establish the decay estimate for the level sets, we observe that for any

1
k > 1, kmeas{u,, > k} < Cyk?- , which implies the measure estimate

meas{u, >k} < Cy — —0 as k— foo. (14)

e
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For any v > 0, we decompose the measure as follows:

meas{|un, — Unm| > v} < meas{u, > k} + meas{u,, > k}

(15)
+ meas{| T (un) — Tk (um)| > v}.
From (14), for any ¢ > 0, there exists kg = ko(¢) > 0 such that
meas{u, >k} < % and meas{u,, >k} < % Vk > ko. (16)

Moreover, by (13), the sequence (T} (uy))n is bounded in L7(07 T; W(}?(Q))
Thus, there exists a subsequence (still denoted by (7% (uy,)),) and a function n €
L7(0,T;Wh 7 (Q)) such that Ti(un) — e in LTO,T;WE7(Q) as n —
+00. The compact embedding (4) implies the strong convergence

Ti(up) = mx  in Ll(QT) and a.e. in Q7.

Consequently, (T (uy)), is a Cauchy sequence in measure, and for any v,e > 0,
there exists ng = no(k, v, e) such that

meas{| Ty (un) — Tio(um)| > v} < g for all n,m > no. (17)

Combining (15)-(17), we conclude that for any ¢,v > 0, there exists ng =
no(v, €) such that meas{|u, —u,,| > v} <e forall n,m > ng. This shows that
(un)n is a Cauchy sequence in measure. Hence, there exists a subsequence (still
denoted by (uy)n) converging almost everywhere to some measurable function
u, U, — u a.e. in @Qp. Furthermore, the weak convergence of the trunca-
tions holds: Ty(u,) — Tk(u) in L7(O,T; W017(Q)) Finally, by the Lebesgue
dominated convergence theorem, we obtain the strong convergence Ty (u,) —
Tk(u) in L% (QT)

Claim 3: A Priori Estimates

Let h > 0. Taking Th11(un) — Th(uy,) as a test function in Problem (6) and

using Lemma 2, we find

N
aZ/ | Dy, |7 da:dt—i—’yo/ (un) ! d dt
i=1 {hgun<h+1} {h+1§un} (18)
< / i& dx dt + / On+1(uon) dr — / on(uo,pn) de.
{un>h) Co 0 Q

Applying the Lebesgue dominated convergence theorem to the right-hand side
terms of (18), and noting that ug € L'(Q) and C? > 0, we obtain:

/ fdzdt -0 as h— +oo, (19)
{un>h}
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and

/%H(uo,n)dﬂc—/aph(uo,n)d:cg
0 Q

g/ d:v+/ updr — 0 as h — +oo. (20)
{h<u0 n<h+1} 2 {h+1<UO n}

Combining (18)—(20), we obtain the following decay estimates:

Z/ |Diu,|% dedt — 0 as h — oo, (21)
h<un<h+1}

and
/ [up | dedt — 0 as h — 4o0. (22)
{h+1<un}

Claim 4: Equi-integrability of the Nonlinear Terms By Claim 2, we have
[tp | 2u, — |u|®"2u  a.e. in Q7. To apply Vitali’s convergence theorem, we
verify the uniform equi-integrability of (|u,|?~2uy,),. From the estimate (22) in
Claim 3, for any n > 0 there exists h(n) > 0 such that f{unzh(n)}(un)qwl dz dt <
4 for all n € N. The pointwise convergence and equi-integrability conditions
allow us to apply Vitali’s convergence theorem, yielding the desired strong con-
vergence:

U |72 u,, — |u| 20 strongly in L'(Qr). (23)
Claim 5: Weak Convergence of Time Derivatives
Let Sp € C?(R) be an increasing truncation function satisfying Sy, (r) = r for
|r| < h, supp(S}) C [-h —1,h + 1], and supp(S}) C [-h —1,—h] U [h,h + 1].
For any test function v € L7 (0,T; Wol?(ﬂ)) NL*®(Qr), we use S (un)v as a
test function in Problem (6) to obtain the estimate

(5o}

N
< Z/ HDiun|‘“_2Diun} ‘S;L(un)Div + S;{(un)vDiun} dxdt
; T

6’9 218 (un ) v|dxdt. (24)

Estimate of the Diffusion Terms: For the first term in (24), we have

+||7|\LOO(QT)/Q (un)qo_llSﬁl(un)v|dxdt+

T

N
Z/ | D% |1 (157, (un) || D" 0] + [S); (un) [[0]| D i |) dizdt
i—1 7 {lun|<h+1} (25)

< G (Il 0w 7y + 10l 22
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Estimate of the Lower Order Terms: The remaining terms in (24) satisfy

_ fn
H’Mmo(QT)/Q [n| 7 |S) (un )l dadt + , o S (un)vldzdt
T T w

(26)
< G5 ([0l 7 o w7y + 1022 ) -
Uniform Bound on Time Derivatives: Combining (24)-(26) yields:
T
aSh(un)
/ < 8 oY ] < Co (101l 20 20y + Ielle(@n) -
0
where Cy is independent of n.
This establishes that the sequence <‘9Sh87(t"")) is bounded in the space
L7 0,75 W 17T (Q) + L1 (Qr),
and consequently,
OSh (uny, oS / /
) L OSWW) 17 0, 1w T (@) + L @Qr). (2

ot ot

Claim 6: Strong Convergence of the Gradients
Let k < h and consider sufficiently large n. Using S}, (un)(Tk(un) — Ti(u)) as
a test function in Problem (6), we obtain the decomposition

jr%h+jnh+j7§h+j7§h j{?h

where the terms are defined as

Tnn = / / 95 “” (Th(un) — Ti(w))dadlt,

72, = Z / S1 () (| Dot |2 D) (D' T (1) — DT () )t
i Qr
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Analysis of J!,: From the weak convergence in (27), we have:

lim inf 71, = lim inf / o (Sn(un(T)))dz — / ox(Sh(u(T)))dz > 0,
n—o0 ’ n—o0 QO Q

where the non-negativity follows from Fatou’s lemma and the pointwise conver-

gence of ¢ (Sy(un(T)))-
Analysis of jih: Using the properties of S, and the weak convergence of
gradients, we obtain

N
Tn > Z/Q (1D T3 (un) |72 D' T (un) — | D" T (u)|* 2 D" Ty (u))
=1 T

X (DT (up) — DTy (w))dzdt 4 e3(n),

where g2(n) — 0 as n — oo by the weak convergence properties.
Analysis of J3,: Since supp(S}/) C [-h —1,—h] U [h, h + 1], we have

N
T3, < CZ/ | DTy i1 (uy)|%dadt — 0 as n, h — oo.
’ o1 J{h<un<h+1}

Analysis of j;ih and jih: The remaining terms satisfy
T 2 ’Yo/ (17 (un) |9~ T (un) — | T ()| > Ty (w)) (T (un) = Tio(w) ) dadt+es(n).
Qr
and jn5,h < @ fQT folTk(un) — Tk(u)|dzdt -0 asn — oo
Combining all estimates yields:

N
lim [ZI/T (‘DiTk(un)’qi_2DiTk(un) _ ’DiTk(u)’qz‘—2DiTk(u))

n—oo

X (D'Ty(up) — DTy (u))dzdt

+ % /Q (1T (un) |2 Ti () — [Tho ()| Ti(u)) (Tho(un) — Tp(w))dadt | =0

T

Applying Proposition 7, we conclude the strong convergence

Tio(n) — Ti(w) in L7 (0, T; Wh 7 (Q)) for all k > 0,

and D'u,, — D'u a.e. in Q.

Claim 7: The Convergence of u, in C([0,T]; L}(Q2))
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Let u, (resp. u,, ) be the weak solution of the approximate problem (6) for
the integer n (resp. m), and for 0 < s < T'. Taking 1 =T (U, — Upy) - X[0,s] 8 a
test function and using Young’s inequality, (23), and DT} (u, — um) = (D'uy, —
D) X{jup—um|<1}> We deduce that [, [un(s) — um(s)| dz — 0, as n,m — +oco.
Hence, u, is a Cauchy sequence in C([0,T]; L'(Q)). Therefore, u,, converges to
u € C([0,T]; L' (2)) and for all 0 < s < T we have u,(s) — u(s) in L1().

Claim 8: Passage to the Limit
Let U € L7(O,T, VVO1 7( 2))NL>®(Qr) with 0,V € Lq (0, 7; W1 v () +LYQr)

and M =k + ||V| p(g,) with k& > 0.
We take Ty (u, — V) as a test function in (6). Then

0
+/ W(x,t)|un|qo_2unTk(un — W) dxdt (28)
T

fu
_ Ty (uy, — W) da dt.
/QT (Tt 1 27 L =0

For the first term on the left-hand side of (28), since u,, — u in C([0, T]; L'(2)),
we have u, (T) — u(T) in L'(Q). Tt follows that

/ o (uon — V(0)) de — / wr(ug — ¥(0)) dz, as n — 400,
. (29)
and /Qgpk(un( ) —U(T)) de — / or(u (T)) dz, as n — o0,

Now, we have & € Lq 0, 7; w1 7 () + LY(Qr), and since T (u, — ¥) —
Ti(u— ) in L7(O,T, W() ?(Q)) and weak-x in L>®(Qr), we get
ov

7Tk( \If) dr dt —

ov
o, ot —tTk(u — V) dzdt. (30)

QTa

Concerning the second term on the left-hand side of (28), using Fatou’s
Lemma, we obtain

N
lim inf ) / | Dy |% 2Dy, x DT (uy — O) da dt
Qr

n—+00 4
1=

- / |Diu|% 2Dy x DTy, (u — U) dx dt.

T
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Also, since Ty (uy, — V) — Ti(u — ¥) weak-+ in L>°(Qr), and thanks to (23),
we deduce that

/ Y(z, t) 1|9 2w, Ty (wy, — ©) da dt
! (32)
— y(z, t)| P 2uT) (u — V) dz dt,
Qr

and similar to the proof of [[26], Lemma 5.2] ( see also [[12], (3.7)]) , we deduce

fn ) e
/QT (‘Tn(un)’Jr%)oTk(un V) dx dt — o ung(u V) dx dt, (33)

By combining (28)-(33), we conclude the proof.

3.2. Renormalized solutions

Here, we give the definition of the concept of a renormalized solution to prob-
lem (2).
Definition 6. For 0 <0 <1, 0<wuy € L'(Q), and 0 < f € LY(Q7), a function
u € 761’7(QT) NC([0,T]; L*(2)) is called a renormalized solution to problem (2)
if it satisfies:

1. Positivity condition: u is strictly positive on  x (0,T), meaning that
for every w CC Q, there exists C, > 0 such that: w> C, > 0 inw x (0,7,
and |u|®~2u € LY(Qr).

2. Renormalized equality: For all test functions ¢ € L7(O,T; W017(Q)) N
L>(Qr) with Oy¢ € L?(O,T; W*L(?(Q)) + LY(Q7), the following holds:

N

e lim / D'u|% dx dt = 0,
h—>+<><>; {h§u§h+1}‘ |
[}

N
A P a1y [ 1D D (S D+ S D) v
T i=1 T

+/ y(z, )| u|® %y - S (u)p da dt
T
/
_/ ISP 4o ar,
T

ub
(34)
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for every function ¢ € L7(O,T; W&?(Q)) N L>®(Qr), and any renormalization
S(:) € C*°(R) such that suppS’(-) C [—=M, M] for some constant M > 0.

Theorem 2. Under the assumptions 0 < 0 < 1,0 < f € LY (Qr), and 0 < ug €
LY (), the entropy solution u in Theorem 1 is also a renormalized solution for
problem (2).

Proof. We shall prove that every entropy solution u satisfies all the properties
of renormalized solutions.

Indeed, in view of Theorem 1, there exists a subsequence (uy), of solu-
tions for the approximate problems (6) such that Ty (u,) strongly converges to

Ti(u) in L7(O,T; Wolﬁ(Q)) for any k > 0, and satisfies |u,|%2u, — |u|® 2y
strongly in L'(Qr). Also, thanks to (21) and Fatou’s Lemma, we deduce that

N .
Z/ | D' u|% dx dt
i=1 7 {h<u<h+1}
§hm1nf2/ | Dy, |% dx dt — 0, as h — +oo.
{h<un<h+1}

Now, we will show the equality (34). Let ¢ € L7(0,T; W(}?(Q)) N L>*(Qr)
and S(-) € C*°(R) with supp S’(-) C [-M, M] for some constant M > 0. By
taking S’(u,)e as a test function in (6), we obtain

/ <au" S (un)p) dt
+Z/ | Dy |92 Dy, x DS (un) ) da dt
i=1/@r
4 [ Al S (w)p dods
Qr
:/ fnS,(un)‘P
Qr (T (un)| + 1)’

First, from (27), we have 85%(tu") - 8S§t(u) in L?(O, T; W_l”?(ﬂ))—FLl(QT)a
and then

) uy, B 0S(u)
Jim [ <a S () >dt—/T W . (36)

Concerning the second term on the left-hand side of (35), we have

/ | D, | %2 Dy, - DY(S () @) daz dt
T
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_ / DT ()52 D T () - (S” (1) D' Tt () + S' (1) Dp) i it

T
We have (|D'Tys(tn)|% 2D T (un))y is bounded in (L% (Q7))N, and
| D Tag (un)| % 2D Typ (uy) — | Do (w)|% 2D Ty (u) ave. in Q.

It follows that |D'Ths(u,)|% 2D Tas(un) — |D*Tas(w)|% 2D Ty (u) in L% (Qr),
and since S” (uy, ) D Ty (un ) +S" (un) Do — S"(w) D Thy (u)+S' (u) Dip in L% (Qr),
we conclude that

lim | DTy ()| %2 D T g () - (S () p DT g () + S’ (uy) D) da dt
T

n—-+o0o Q

= / |Diu|% 2Dy, - (8" (u)pD'u 4 S’ (u) Diyp) da dt.
T
(37)
Moreover, since S(u,)p — S(u)p weak-+x in L>°(Qr), using (23) we get

/ (2, )| un] 2w, S (uy) o da dt — y(z, t)[u]©2uS (u)p dr dt.  (38)
T Qr

With some modifications as in (33), we find
f5'(u)g

/
/ fnS (tn) 0 sdedt— [ 12002 g ar, (39)
Qr (|Tn(un)| + 2) Qr U

By combining (35)-(39), we deduce that u is a renormalized solution to prob-
lem (2). «
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