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A Numerical Computation of Zeros and
Determinant Forms for Some New Families of
g-special Polynomials

M. Riyasat*, S. Khan, N.I. Mahmudov

Abstract. The main aim of this article is to investigate some new families of g-special
polynomials and to study their properties using different approaches. The 2-iterated
g-Appell polynomial family is introduced and some properties of these polynomials are
considered under g-umbral calculus methods. Some 2-iterated g-Appell and hybrid ¢-
special polynomials are studied as members of this family. The numbers related to these
polynomials are obtained. The graphical representation of the 2-iterated and hybrid g¢-
Appell polynomials is presented. The zeros of these polynomials are investigated for some
values of index n using numerical computation. The approximate solutions of the real
zeros of these polynomials are also considered. The determinant forms for the 2-iterated
g-Appell family and for the 2-iterated and hybrid g-special polynomials are established
using linear algebraic approach.
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1. Introduction and preliminaries

The area of g-calculus has in the last twenty years served as a bridge between
mathematics and physics. Recently, there has been a significant increase of
activities in the area of g-calculus due to its applications in various fields such
as mechanics, mathematics and physics.

The definitions and notations of g-calculus reviewed here are taken from [3].
The g-analogue of the shifted factorial (a),, is defined by
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n—1
(a;9)0 = 1,(a;q)n = H (1 —-¢™a), neN.
m=0
The g-analogues of a complex number a and of the factorial function are
defined by

) qe(c_{l}’ a€C7

S s ], = G D
[n]q!—gl[ Jlg = [Hq[2lg- - [nlq 1—qm

g#1;neN, [0,=14¢eC; 0<qg<1
The Gauss g-binomial coefficient [Z]q is defined by

nl [l (@ Dn - .
[kL Kl =kl (G Qg Dnr” F=0L...,n

The g-exponential function is defined as:

[oe] 2"
n=0 q

The g-derivative D, f of a function f at a point 0 # z € C is defined as:

flgz) — f(z
Df(z) = 1 =& g o
qz — 2
The g-analogue of Taylor series expansion of an arbitrary function f(z) for
0 < g <1 is defined as:

_Oo(l_q)n ez — a)®
f(z)—;:‘0 o il @G = a),

where Dy f(a) is the nth g-derivative of the function f at point a.

In 1985, Roman proposed an approach similar to the umbral approach under
the area of nonclassical umbral calculus which is called g-umbral calculus [11, 9].
Let P be the algebra of polynomials in the single variable x over the field of
complex numbers. Let P* be the vector space of all linear functionals on P. Let
(L | p(x)) be the action of a linear functional L on a polynomial p(z). Let §
denote the algebra of formal power series

k=0
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This kind of algebra is called an umbral algebra. Each f(¢t) € § defines a
linear functional on P given by (f(¢)|z*) = ax for all k& > 0. In particular,
(th|zm) = nldy,  for all n,k > 0, where 0, is the Kronecker delta. Let ¢, be
a fixed sequence of nonzero constants. Then the algebra § of all formal power
series in t is isomorphic onto the vector space P* by setting

<tk|x"> = CpOp -

If

o0 k
=S a,

C
k=0 Ok

then
(f(@)]2") = ax.

The g-umbral calculus is defined by setting

(1-a)(-¢)...(1=¢")

Cp =

(1—q)"
Then
¢ 1—q"
Cn—1 1—gq ‘

The functional e,(yt) satisfies

% k
(eq(yt) 2"} = <Z ol |x"> — "
k=0 T

Then
(eq(yt)p(z)) = p(y),

for all polynomials p(z) € P. Also, the operator e,(yt) satisfies
eq(yt)z” = Z [n} y* 2"k
k=0 k q
Let f(t), g(t) € §. Then we have
(f)g(@)lp(x)) = (f(t) | 9(t)p(y))-

In 1967, Al-Salaam [1] introduced the family of g¢-Appell polynomials
{An ¢(x)}n>0 and studied some of its properties. The n-degree polynomials
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Ay q(x) are called g-Appell if and only if these are defined by means of the fol-
lowing generating function [1]:

Ag(teqg(at) =) An,q(:c)—[i;qw 0<q<l, (1)
n=0 ’
where
At) = Avaprys Avg =1 Aglt) £0. )
n=0 '

It is to be noted that A4 (t) is an analytic function at ¢ = 0 and A,, 4 := Ay, 4(0).
Also, there exists a sequence of numbers {A,, ;},>0, such that the polynomials
A, () satisfy the following relation [1]:

n

Apg(x) =Apq+ [1

] Ap_14 2+ [Z] Ap_oy xz—l—---—i—Ao,q 2", n=0,1,2,... .
q q

The g¢-Appell polynomials A, ,(x) are characterized by Roman [10] under
g-umbral calculus. Let A, ;(x) be ¢g-Appell polynomials for g(t). Then

eq(yt) _ Z <6q(yt)|An,q(x)>gq(t)tn — Z AT;:L(]]('y) gq(t)tn.
n=0 q

[n]q! [

n=0

The polynomials A, ,(z) are the g-Appell polynomials for g,(¢) if and only if

1 > "
meq(ﬂ) = ;An,q(iﬂ)[n—b!,

Ang() = (gq(t) 2", (3)

141.
tAn,q(x) = [n]qAn—Lq(x)a

.
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Al-Salaam showed that the class of all g-Appell polynomials is a maximal com-
mutative subgroup of the group of all polynomial sets, i.e. the class of all g-Appell
sequences is closed under the operation of g-umbral composition of polynomial

n n
sequences. If A, () = 3 appq ¥ and B, 4(x) = 3 by g,y 2° are sequences of
k=0 k=0

g-polynomials, then the g-umbral composition of A, 4(x) with By, ;(x) is defined
to be the sequence

n
(An,g o Bg)(x) = Zan,k;q Bppg(x) = Z an,k;qbk,l;qml-
k=0

0<k<i<n

Under this operation, the set of all g-Appell sequences is an abelian group
and it can be seen by considering the fact that every ¢-Appell sequence is of the

form
o0

a
Anglz) =D ﬁDi} "
k=0
and that the umbral composition of ¢g-Appell sequences corresponds to multipli-

cation of these formal g-power series in the operator D,.

Based on appropriate selection for the function A,(t) or g,(t)~!, different
members belonging to the family of g-Appell polynomials can be obtained.
These members are listed in Table 1.

Table 1. Some members belonging to the ¢-Appell family

S. Name of the Agq(t) or Generating function Series definition
No. g-special gq(®)™ 1

polynomials

and related

numbers
T
5 t t — — n n—k
I. g-Bernoulli (W) (eq(t)71> eq(xt) = Bpn,q(x) = kgo {k}qu,qx
1 ial - $sB )L
polynomials = = n,q( [n]q!
t = tn
and numbers (eq(t)—1> = ng Bn,,qm
[4, 2] Bn.q := Bn.q(0)
n
2 2 — — n n—k
.  g-Euler (W) (eq<t)+1) eq(wt) = Bnq(@) = ¥ [k_]qu,qx
polynomials = 3 Engq(2) T
n=0 [n]q!
2 x £
and numbers (eq(t)+1) = ngo En . q Tnlq?
[4, 8] En.q := En ¢(0)
oo oo $2n n &
III. g-Hermite > (=™ q”(nfl) > (=" q(n—1) X Hy g(x) = X [Z} Hy qa™™
n=0 n=0 [2n] ! k=0 q
£2n .
polynomials X Xeq(xzt) = > Hn,,q(x)W
[Qn]q!! n=0 "Ig-
2n
2 (n-1)_t
and numbers > (=1 g™t =
n=0 [2n] !
x n
(6, 8] = % Hoafgyr
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The article is organized as follows. In Section 2, the 2-iterated g¢-Appell
polynomials are introduced by means of generating function and series definition.
Some properties of these polynomials are considered under g-umbral calculus.
The members belonging to the 2-iterated ¢-Appell family and some hybrid ¢-
special polynomials and related numbers are also explored. In Section 3, the
zeros of the 2-iterated ¢-Appell and hybrid ¢g-Appell polynomials are investigated
using numerical computation and their graphs are drawn for suitable values of
indices. In Section 4, the determinant forms of the 2-iterated and hybrid ¢-Appell
polynomials are established.

2. 2-iterated ¢-Appell polynomials

In order to introduce the 2IgAP, two different sets of g-Appell polynomials
Al (z) and AL (x) are considered. Thus, from definitions (1) and (2), it follows
that

(t)eq(zt) = ZA . ,0<g<1, (4)
where
a(8) = Z]Aﬁ,q[é—ip Al g = AL (0); A, =15 Aj(t) #0 (5)
and
AH t)eq(wt) ZA , 0<g <1, (6)
where

AH Z H t ; nq, A”() A(I]Iq 1. A”();éO.

2.1. Generating function and other properties

The generating function for the 2IgAP is derived by using a different approach
based on replacement techniques. For this, the following result is proved:
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Theorem 1. The polynomials A[ } o(z ) are the 2-iterated q-Appell polynomials for
AL(t) and AL'(t) (or for g (t) and g™ (1)) if and only if

Gy(z,t) == AI( )AH t)eq(zt) ZA o , 0<g<1, (7)
or, equivalently,

Gyla,t) ::W ZA o 0<a<t (8)

Proof. Expanding the g-exponential function e,(zt) in the Lh.s. of equation
(4) and then replacing the powers of z, i.e. 2°, 2!, x2 ... 2™ by the correspond-
ing polynomials Aé{q(az), A{,Iq(:c), ..., All (z) in the Lh.s. and replacing = by the

polynomial A{,Iq(x) in the r.h.s. of the resultant equation, it follows that

Af(t)[1+A”( )—+A (z )i+...+A” (x)ﬂ-i-...] =
! L T 2 I nlg!

tn
_ 1
Z“quﬁ

Summing up the series in Lh.s. and then using equation (6) and denoting the
resultant 2IgAP in the r.h.s. by A (), that is

AR (@) = Ay {AT (@)}, 9)
assertion (7) is proved. In view of equations (1) and (3), assertion (8) follows. «

Next, the series definition for the 2-iterated g-Appell polynomials is obtained
by proving the following result:
Theorem 2. The polynomials A[ } () are the 2-iterated q-Appell polynomials for
Al (x) and ALl (x) if and only zf

n

AZ) =3 7] ALy Al (10)

k=0

Proof. Using equations (5) and (6) in the Lh.s. of generating function (7) and
then using Cauchy-product rule in the 1.h.s. of the resultant equation, we obtain

q a° n=0 q-

n=0 k=0
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Equating the coefficients of same powers of ¢ in both sides of equation (11),
assertion (10) follows. <«

Further, as consequences of some results mentioned in Section 1, the following
theorems are deduced:
Theorem 3. The polynomials A,[i]q(x) are the 2-iterated q-Appell polynomials if
and only if

o0 k
(ea(ut) | AR, (2) = <Z (wt)” | A£3Jq<x>> — AP ().

2 [k}

Theorem 4. The polynomials ALQ}q(x) are the 2-iterated q-Appell polynomials for
gé(t) and gél(t), if and only if

© (e A2 2 oo [
eq(yt) _ Z ( q(yt)[ll] 'k,q( )>gé(t)gél(t)tk _ Z Ee];];(f/)gé(t)gél(t)tk.
k=0 7 k=0 T

Theorem 5. The polynomials ALQ}q(x) are the 2-iterated q-Appell polynomials for
gé(t) and gél(t), if and only if

A (z) = (g) (gl (£) 7! 2™

Theorem 6. The polynomials Ag}q(x) are the 2-iterated q-Appell polynomials, if

and only if

t A2 (z) = [n], AP, ().

Theorem 7. The polynomials A,[i]q(x) are the 2-iterated q-Appell polynomials, if

and only if

n

ol A2 0) =3 (1] o AL, .

k=0

Theorem 8. The polynomials AE}q(az) are the 2-iterated q-Appell polynomials for
A{%q(x) and A{L{q(x) if and only if

00 AI
Ag}q(l') = <Z W’jDi;) Aé{q(x).

k=0
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2.2. Particular members

By making suitable selections for the functions Aé(t) and Aél (t) in equations
(7) and (10), the generating function and series definition for the corresponding
member belonging to the 2-iterated g-Appell family can be obtained. These
resultant 2-iterated ¢-Appell polynomials along with their notations, names,
generating functions and series definitions are given in Table 2.

Table 2. Some members belonging to the 2-Iterated ¢-Appell family

S. Aé(t) = AéI(t) Resultant Generating function Series definition
No. 2IgAP
¢ (2] . )? [2]
I. (m) By q(z):= (eq(t)—l) eq(xt) = By, q(z) =
2-iterated > Bl - =3 By, 4B
-iterate = Z:: ,q(T) Tnlq! = k;() {k]q k,qBn—k,q(®)
g-Bernoulli
polynomials
(21gBP)
2 (2] 2 )? (2]
. (W) Enq(@):= (eq(t)+1> eq(zt) = BErlq(@) =
i S gl2l tm S
2-iterated = ; Ean(z)m = kzo {k] Ep qBn_k,q(x)
g-Euler B
polynomials
(214EP)
oo £2n 5 o 2n \ 2 .
I1I. > (=)™ qn(nfl) H’L ]q(x):: > (-1)" qn(nfl) x HL ]q(x)
n=0 [2n] ! ’ n=0 [2n] ! ’
; = gl2l " S~ [n
2-iterated Xeq(xzt) = > Hn,q(x)W = > {k] Hyp gHp_ g q(x)
n=0 a k=0 "4
g-Hermite
polynomials
(21gHP)

The combinations of any two different members of the g-Appell family in
the 2-iterated g-Appell family yields a new hybrid g¢-special polynomial. Thus,
by making suitable selections for the functions Aé(t) and Aél (t) in equations
(7) and (10), the generating function and series definition of the resultant
hybrid g-special polynomials can be obtained. The possible combinations of the
g-Bernoulli, ¢g-Euler and ¢g-Hermite polynomials (Table 1 (I-III)) are considered.
The resultant hybrid g-special polynomials are given in Table 3.

Remark 1. Note that

BEn,q(x) = pBnq(2); BHn,q(x) = nBnq(2); EHn,q(x) = nEnq(2),

where pBy 4(x), HBpq(x) and gE, 4(z) are the q-Euler-Bernoulli polynomials
(qEBP), q-Hermite-Bernoulli polynomials (qHBP) and q-Hermite-Euler polyno-
mials (QHEP). This confirms the fact that the set of all q-Appell sequences is



A Numerical Computation of Zeros 29

closed under the operation of q-umbral composition of polynomial sequences and
forms an abelian group.

Table 3. Some hybrid ¢-special polynomials

S. Aé(t); Aél(t) Hybrid Generating function Series definition
No. polynomial
t . L 2t _ —
I W) BEnq(@):= o megmin @) = BEng(@) =
o n
2 i — 2yt — n .
PPIGESY g-Bernoulli- = ngoBEn'q(l) Tnlq! = kgo {k}qu,anfk,q(l)
Euler
polynomials
(4BEP)
oo
t . — t n —
IL. (m)y BHn, q(z):= mngo(*l) X BHn q(z) =
2n 2n
oo t t n
> (=™ q”(nfl) 2 m g-Bernoulli- Xq"("fl) 5 ”eq(xt) = > {Z} kaan,k’q(x)
n=0 [2n] ! . [2n] ! k=0 q
Hermite = EUBHan(ac)qu!
n=
polynomials
(¢BHP)
111 —2 ), BCn.g(a)=  —2 53 (—1)" x wHn g(z) =
eq(H)+1 )7 4 eq(O)+1 =, 4
2n 2n
X _ t _ t n
S (-)mgn(rTh S gFuler- ") ——eq (at) = 3 [7] HeqBnk,q@)
n=0 [Qn]q“ [Qn]q“ k=0 q
x n
H it = H. t
ermite ngoE n,q(x) (gl

polynomials
(¢EHP)

2.3. Related numbers

The numbers related to the members of the 2IgAP Ag}q(az) given in Tables
2 and 3 are obtained. By taking x = 0 in series definitions of 2IgBP B,[L%}q(x),
2IgEP EY[LQ,]q(CE) and 2I¢gHP HT[LQ,]q(x) given in Table 2 (I-IIT) and using notations
from Table 1, the 2-iterated g-Bernoulli, ¢g-Euler and ¢-Hermite numbers are
obtained. These numbers are given in Table 4.

Table 4. 2-Iterated g-numbers

S.No. Notation and name of the 2-iterated g-number Series definition
2 2 2 2
L BL’]’? = Bi"]q(o) Bv[l,]q = kEO [Z]qu,an—k,q

2-iterated g-Bernoulli numbers (2IgBN)

2 2 2 Z
1. EL,]Q = Eil,]q(o) EL,,]q = kZO [Z]qu,qEﬂfk,q
2-iterated g-Euler numbers (2IgEN) B
2 2 2 &
IIL w2, = a2, (0 w2, = P> {QLH,MH,L,,M
=0

2-iterated g-Hermite numbers (2IgHN)
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Similarly, the numbers corresponding to the hybrid g¢-special polynomials
given in Table 3 can be obtained. Taking x = 0 in series definitions of the
¢BEP BE, (), ¢BHP pH,,(z) and ¢EHP gH,,(x) (Table 3 (I-III)) and
using notations from Table 1, the g-Bernoulli-Euler, g-Bernoulli-Hermite and
g-Euler-Hermite numbers are obtained. These numbers are given in Table 5.

Table 5. Hybrid ¢g-numbers

S.No. Notation and name of the mixed type g-numbers Series definition

T
L BEn,q := BEn,¢(0) BEn,q :kgo {ZLEk,anfk,q
g-Bernoulli-Euler numbers (¢BEN)

n
L. BHn,q = pHn,g(0) BHng= 3 [1] HioBuig

g-Bernoulli-Hermite numbers (¢BHN)

n
III. EHp.q = pHn q(0) EHpng= > [g}ququn,kyq

g-Euler-Hermite numbers (¢EHN)

Remark 2. Also note that
BEn g = EBng = 5Bng(0); BHng= uBng:=

= 1 Bng(0); EHng = nEng = 1L q(0), (12)

where gBy 4, HBng and gE,, are the g-Euler-Bernoulli numbers (qEBN), q-
Hermite-Bernoulli numbers (qHBN) and q-Hermite- Euler numbers (@qHEN), re-
spectively.

In the next section, the shapes of the 2IgBP Bg]q(a:), 2IgEP E,[g}q(x), 2IgHP

HT[LQ,]q(x), ¢BEP pE, 4(z), ¢BHP pH, ,(z) and gEHP gH, ,(x) are displayed. The
zeros of these polynomials are also investigated using numerical computation.

3. Zeros and approximate solutions

There has been increasing interest in solving mathematical problems with the
aid of computers. The numerical investigation of the zeros of some g-polynomials
are considered in [12, 13, 14, 7]. First, we give the shapes of the g-special poly-
nomials.

3.1. Shapes of the 2-iterated and hybrid ¢-Appell polynomials

The plots of the 2IgBP B (2), 21gEP EP(z), 2IqHP HZ(z), ¢BEP
BEn ¢(x), gBHP pH, ,(z) and ¢EHP gH, ,(x) are drawn for n = 1,2,3,4 and
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q= % (0 < ¢ < 1). This shows the four plots combined into one for each of these
polynomials. For this, the values of the first five B, ,, E,, and H, 4 are re-
quired. The values of first five B,, 4, Ey, 4 and Hj, 4 [4, 6] are mentioned in Table 6.

Table 6. Values of first five B, ,, £, ; and H, 4

n 0 1 2 3 4

Bng 1 —(+a”' P@HTT A-a)d (@) (W ¢t - a® —2¢° — ' + ) (215B]4[5]) 7"
Bng 1 -3 f-1+a) 21420424 4% @ - DBl!e* —4a+1)

Hngq 1 O -1 0 3], 4°

The expressions of the first five B, 4(x), Enq(z) and Hy 4(z) are obtained
by making use of the values of the first five B, 4, E,, and H,, in the series
definitions given in Table 1 (I-III). The expressions of first five By, 4(x), Ep 4(x)
and H,, 4(x) are mentioned in Table 7.

Table 7. Expressions of first five B, ,(z), E, 4(z) and Hj 4(x)

n 01 2 3 4
1 2 [2]g 3 _ [8lg2? | o2z | (1-9)d3 4 [4g 3, [4gd® o
Bng(® 1 @-gp @0 iggrt @t - SR Yy, TRy T et oz o
gl +a*(1 - q® — 2¢°—
Blq[2]q

—a* + ¢ (1212814 [5))

T
[4]g(~1+29+2¢% —¢*)

+i(-1+a)  +§(-1+2a+2¢° —¢%) +

8
—1)[z 2_
+(rl 1)[3]q!1(6f1 4q+1)

Hy, 4(x) 1 x z? -1 137[3](11 147(1+q2) [3]q12+[3]qq

By making appropriate substitutions from Tables 6 and 7 in the series
definitions given in Tables 2 and 3, the expressions of the first five 2I¢BP

BYh(x), 21qEP Efy(x), 21gHP Hy(x), qBEP pE,(x), ¢BHP pH, 4(z) and
qEHP pH, 4(x) for ¢ = % are obtained. These expressions are given in Table 8.

With the help of Matlab and by using the expressions for the first five

B2 (@), B (@), HE o(0), pEnipa(n), pHyip(x) and pH,,ps(z) from
Table 8 for n = 1,2, 3,4, the following graphs are drawn:
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Table 8. Expressions of first five B (x), E o (x), H™ ,(z), BE, 1/2(x)
p n,1/2\F)s Eop 170\ L)s 1 4 0(T)s BLn,1/2\T)5
BHy12(2)s BHy12(7)
n 0 1 2 3 4
[2] 4 2 6 3_7.2,3 8 4 _ 5.3, 45 2 8 221
By a@ I z—3 @ —2z+7 @ —gat+gr— g5 A LA LAl LA v
(2] 2_ 3 1 3_ 7.2 7 5 4 _ 15,3 35 2 125 71
By 5 (@) 1 z—1 T 9T~ 1§ z7 —g27 + 337+ 15 rT - 4 75877 + 1024% + 1004
2 2 : 4 2
H7[‘l,]1 2(ac) 1 x xc — 2 x“"—%x x —%x +?—g
7 2_ 3 51 3 _ 49 2, 79 379 4 _ 353 _ 445 2 _ 461 402305
BE, 1/2(@) 1 *~ % z” — 52+ 68 " — 5% + 96 1t 3880 z” — 962" — 354%° ~ 7536% — 9960360
3 2 19 3_ 7.2 _ 19 107 4 _ 5.3 _ 100 2 107 14554
BHn,1/2(7) ) T T o1 el Rl v Rt T T -3 — g ® + 3R T+ G506
1 2 _ 3 9 3_ 7,2 _ 63 59 4 _ 153 _ 315 2 | 885 791
BHy 1/2(2) 1 r—3 T —3*—§ zT - gTT — 35Tt Eg T —96% — 12 + 575%+ To5a
2
Shape of HL]HZ(X) Shape of ;E_, ,(x)
200 ’ 400 T T T T T : :
E.
— 00 350 BE“”ZZ;
—HA 852,172
2,1/2 300 E. (x)
150 7 eFs.112
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Figure 3.4
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3.2. Zeros and approximate solutions of the 2-iterated and hybrid
g-Appell polynomials

We find the real and complex zeros of the polynomials given in Table 8. The
manual computation of these zeros is too complicated, therefore, we use Matlab
to investigate these zeros. The investigation in this direction will lead to a new
approach employing numerical methods in the field of these ¢g-special polynomials.

The real zeros of Br[z}l/z(x), EE]I/2(1'), HT[S}I/Q(HU), BE,1/2(%), BHy 1 2(7) and

EHy, 1/2(z) are computed by using Matlab. These zeros are given in Table 9.

Again, with the help of Matlab, we find the complex zeros of these polyno-
mials. These complex zeros are given in Table 10.

Table 9. Real zeros of BY) ,(x), BLy 1o(2)s HY) (%), BEya(%)y 5Hy (@),

BHy, 1 0(2)

D B2 Jojed g2 E H H

egree n o1 y2(T) no1/2(®) no1y2(®) BEy, 1/2(2) BHy 1/2(%) EHy 1/2(2)
1 1.3333 1.0000 0.0000 1.1667 0.6667 0.5000

0.6220, 1.3780

—0.0406, 1.5406

1.4142, —1.4142

0.2411, 1.2589

1.5746, —0.5746

1.5000, —0.7500

0.1522, 0.9446,
1.2365

—3.2768, —0.2642,

2.3743

0.0000, 1.8708
—1.8708

—0.1213, 0.7910,
1.3719

—1.1392, 1.6874
0.6184

—1.2626, 1.7108,
0.4268

—0.0617, 0.3823

0.5479, 1.6488

—1.8224, —1.0266
1.8224, 1.0266

—0.2476, 2.6664

—1.3694, 1.6381,
1.0777, —0.0963

—1.4071, 1.6153,
1.0523, —0.3230

Remark 3. From Tables 9 and 10, the following general relation is observed.

The number of real zeros lying on the real plane Im (x) =0, i.e.,
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Real zeros of Ag}q(x) =n — Complex zeros of A[T?}q(x),
where n is the degree of the polynomial.

Table 10. Complex zeros of BE]I/Q(JU), EE}l/z(m), Hy[i]l/Q(x), BEn1/2(),
sHy1/2(x)y pHy 1 2(7)

2 2 2
Degree n B () Pl (@) HPl (@) 5B, i) RHp1/2(@)  pHp /()
1 — — — — —
2 — — — — — —
3 — — — — — —
1 1.0897 + 0.11127,  —0.1609 + 0.2257,  — —0.1157 + 0.21814,
1.0897 — 0.11124 —0.1609 — 0.2257 —0.1157 — 0.2181i

In order to make the above discussion more clear, we draw the combined
graphs of shapes and zeros of the polynomials B? (x), E}f} (x), H}f} (x),

n,1/2 ,1/2 ,1/2
BEn 1)2(%), BHy 1/2(7) and pH, 1 /2(z) for n = 4.
[2] [2]
Shape and zeros of of B} ,(x) Shape and zeros of of B3 ,(x)
180 140
160 120
140
100
120
100 8
% 80 % 60
60 40
40
20
20
o 0
20 20
3 -2 -1 1 2 3 3 -2 -1 1 2 3
Re(x) Re(x)
Figure 3.7 Figure 3.8
Shape and zeros of of HE12]1/2(X) Shape and zeros of of E!EM/Z(X)
200 : 140 ' ' ' ' '
120
150
100
80
100
é % 60
50 40
20
0 [ ] ([ ]
0
50 . . . . . . . 20
-4 -3 -2 -1 0 1 2 3 4 -3 -2 -1 1 2 3
Re(x) Re(x)

Figure 3.9 Figure 3.10
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Shape and zeros of of H, | ,(x) Shape and zeros of of [H, , .(x)

300 300

250 250

200 200

Im(x)
Im(x)

Re(x) ) Re(x)

Figure 3.11 Figure 3.12

It should be noted that in Figures 3.7, 3.8 and 3.10 out of total two complex
zeros only one, with positive imaginary part is visible, due to the absence of
negative imaginary axis in these graphs.

The numerical results for approximate solutions of real zeros of Bf}l /2(1'),

E7[L27}1/2(x)7 H,[j}l/Q(x% BEn,1/2(x)7 BHn,l/?(x) and EHn,1/2(w) for (7’L = 1727374)

are displayed in Table 9.
Also, we note that the real zeros of these polynomials as shown in Table 9 give

the numerical results for the approximate solutions of BE]l /9 (z) =0, EE]l /2 (x) =

2
0, HL’]l/Z(x) =0, BEn,l/Q(x) =0, BHn,l/Q(az) = (0 and EHn,l/Q(x) =0 forn =
1,2,3.4.

In the next section, the determinant forms for the 2-iterated g-Appell poly-
nomials and some hybrid g-special polynomials are established.

4. Determinant forms

The ¢-Appell polynomials are studied using determinant and umbral ap-
proaches, see for example [5, 6]. Obtaining determinant forms for the g-Appell
polynomials and their members is an important aspect of such study. The
determinant forms can be helpful for computation purposes and can also be
used in finding the solutions of general linear interpolation problems. This
fact provides motivation to establish the determinant forms of the g-special
polynomials introduced in previous section. In order to define the 2IgAP A[r?}q(x)
by means of determinant, the following result is proved:
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4.1. Determinant form for the 2-iterated ¢-Appell polynomials

Theorem 9. The following determinant form for the 2-iterated q-Appell polyno-

mials AE}q(az) of degree n holds true:

2
Ay (@) = 5
1 A=) Afg(e) - AL @) Al (2)
50,q /Bl,q /82,q e /Bn—l,q /Bn,q
2 n—1 n
A2 (=" 0 Bo.q [1],1 Brg - [ 1 :|q Bn—2,4 [1]q Bn-1.4
n,q(x) (60’q)n+1 )
0 0 0 e 50,q [nr_zl] q 51,q
(13
wheren=1,2,... and A{L{q(az) (n=0,1,2,...) are the q-Appell polynomials of

degree n; Bo,q # 0 and

ﬂ _ 1
0, — A(I)q7
n

— 1 I —
5n’q = —m(kgl [Z] qu7q ,Bn_k7q>, n = 1,2, e

Proof. Let ALQ}q(x) be a sequence of the 2IgAP defined by equation (7) and
A{L,q, Bn,q, be two numerical sequences (the coefficients of g-Taylor’s series ex-
pansions of functions) such that

t t2 tn
Al) = A g+ == A+ o= A+ = A+ =01, AL #0,
[1]q! [2]4! [n]q!
(14)
Af(t)Bthﬁ +t25+ +tn5+ n=0,1 Bog #0
= Mo, 1 M1, Ta1 1 M2, T Mn, Ty =Y, L...5 Po, )
! gt 2) [n]g "™ q )

satisfyi
yine Tey ALfay
Aq(t)Aq(t) =1.

Then, according to the Cauchy-product rule, it follows that

. o0 n n tn
4OA0 =33 (] ALy ooy

n=0 k=0
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which gives

" n 1 ifn=0
A[ . _ ) 9
2 u o P {0, if n > 0.

k=0

Consequently, the following holds:

1
/BO,q = Aé s
.q

1 (S~ oal _ (16)
Bn.q = _m(k{:l [k]q kyq 5”-’%)’ n=12,...

Multiplication of equation (7) by flé(t) gives

[e.9]

AL AL () AL (8)eg(at) = AL(t) S Ag}q(x)i_’:,

n=0

which in view of equations (14), (15) and (6) gives

ATy P SR S
2 Ani@ g = 2 A 2 Pra

Again, multiplication of the series on the r.h.s. of equation (16) according to

Cauchy-product rule leads to the following system of infinite equations in the
(2]

unknowns Ay q(z) (n =0,1,...):

A[OQ,}q(m)ﬂo,q =1,

AR (0)q + ALY (2)Bog = ALl (),

AR (2)Bo.g + [3], ATy (@) Brg + AL ()0, = ABL (),

Aéﬂ(fﬂ)ﬁnﬂ,q + 7Y AT (@) B + o+ AE}q@)ﬁQq — AlL, (),

AR (@) g + [1] ALY (@)Bn1q + -+ Aly(2)Bog = AL (),

First equation of system (17), proves the first part of assertion (13). Also, the
special form of system ((17) (lower triangular) allows to work out the unknowns
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AnQ,}q(m). Operating with the first n—+1 equations simply by applying the Cramer’s
rule, it follows that

2
Aly(@) =
/807(1 O 0 . O 1
/Bl,q /BO,q 0 ce 0 A{,Iq (.%')
1 /82,q [ﬂ q /Bl,q /BO,q o 0 Ag,lq (.%')
= W
,q
anl,q [n;l] q ,anQ,q [ngl]q /anB,q T IBO,q Arlzl—l,q(x)
5n,q [?]q 5n—1,q [Z]q 5n—2,q o [nr_zl]q /Bl,q Aﬁ{q(x)

Now, bringing the (n + 1)-th column to the first place by n transpositions of
adjacent columns and in view of the fact that the determinant of a square matrix
is the same as that of its transpose, second part of assertion (13) is proved. <«

4.2. Determinant forms for the 2-iterated and hybrid ¢-Appell
polynomials

We know that the Bernoulli polynomials By ,(x) and Euler polynomials
E, 4(z) are the two particular members of the g-Appell family A,, ,(z). First, we
establish determinant forms for the polynomials B,, ,(z) and E,, ;(x) by choosing
suitable values of the coefficients By, and 3; 4 (¢ = 1,2,--- ,n) in the determinant
form of A,, 4(z).

Taking Boq =1, Biq = [H—ll}q (1=1,2,--- ,n) in the determinant form of the
g-Appell polynomials Ay, 4(x) [5, p.12(19)], the following determinant form of the

g-Bernoulli polynomials By, ;(x) is obtained:
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Definition 1. The g-Bernoulli polynomials By, () of degree n are defined by

B07q(£ﬂ) = 1,
anq(x) =

1 =z 22 . a1 z" 1

1 1 1 1
LI PR ) Tl I
2 1 n—1 1 n 1

— (_1)n 0 1 [1]q m e |: 1 ]q [n—1]q [1]q m 0 . n= 1’2,

0 0 1 R e P P L =

0 0 0 1 [nﬁl]q ﬁ

(17)

The particular case of Definition 1, for n = 4, has been considered in [15, p.250].

Next, taking o4 = 1, Biq = % (¢ =1,2,--- ,n) in the determinant definition
of the g-Appell polynomials A4,, ,(z) [5, p.12(19)], the following determinant form

)

q
of the g-Euler polynomials E,, ,(x) is obtained:

Definition 2. The g-Euler polynomials E,, 4(x) of degree n are defined by

E07q($):1,
1 =z x2 a1 z" 1
13 3 3 3 0
0 1 5[], s, zli, o
E"v‘](x):(_l)n 11 1 ) n:1727
0 0 1 5[ 2 :|q 5[2],1
00 0 1o gL,

(18)

Remark 4. Taking suitable values of the coefficients By 4 and B; 4 (1 =1,2,--- ,n)
in the determinant form of the 2IgAP family, the determinant forms for the 2-
iterated q-members and hybrid g-special polynomials can be obtained.
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First, the determinant forms for the members of the 2IgAP given in Table 2 are
obtained. Taking By 4 =1, fiq = ﬁ (i=1,2,-- ,n) and A (z) = By q(z) in

equation (13), the following determinant form of the 2IgBP Br[Lz]q(x) is obtained:

Definition 3. The 2-iterated g-Bernoulli polynomials B,[f}q(x) of degree n are
defined by

BO?%I(I' =1,
Bliy(z) =

1 Bl,q(w) BQ q(x) Bn—l,q(m) Bn,q(x) 1

1 1 1 1
LI Bl o e, O
2 1 n—1 1 n 1
_ (_1)11 0 1 |:1]q m |: 1 ]q [nfl]q [l]q [n]q 0 . n= 1’27
n—1 n
0 0 1 |: 2 ]q [nEQ]q [Q]q ﬁ
0 0 0 1 [nﬁl]q ﬁ

(19)
where By, 4(z) (n =0,1,2,...) are the g-Bernoulli polynomials of degree n.

Taking Byq =1, Biy =3 (i =1,2,--- ,n) and All (z) = By 4(z) in equation
(13), the following determinant form of the 2I¢gEP E,[z}q(x) is obtained:

Definition 4. The 2-iterated q-Fuler polynomials E,[Z}q(x) of degree n are defined

by
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EP)(x) =1,

Ely(w) =
1 El,q(x) E2,q(33) Enfl,q(CU) En,q(ﬂf) 1
T b o
0 1 33, s, s, o

= (_1)” 1 , = 152, )
0 0 1 32, zlal,
0 0 0 1 %[nﬁl]q

(20)
where Ey, 4(z) (n=0,1,2,...) are the g-Euler polynomials of degree n.

Next, the determinant forms for the hybrid g-special polynomials given in
Table 3 are obtained.

Replacing the powers of z, i.e. z°, z', 22, ... 2" by the corresponding poly-
nomials By 4(x), Bi,4(z), ..., Bng(x) in the r.h.s. and replacing « by the polyno-
mial B 4(z) and using the relation gB,, 4(z) = pEng¢(z) = Ey ¢{B14(2)} in the
Lh.s. of the equation (18), the following determinant form of the gBEP gE,, ,(x)
(or gEBP gB,, 4(z)) is obtained:

Definition 5. The g-Bernoulli- Euler polynomials pEy, 4(x) (or q-Euler-Bernoulli
polynomials B, 4(x)) of degree n are defined by
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1 Big(z) Bag(x) Bp14(x) Bnglz) 1
1 1 1 1
L3 3 3 3 0
1712 1[n—1 1
0 1 E[l]q §[n1 :|q 5[111]q 0
= (_1)11 , = 1727 )
-1
0 0 1 12, 2lel,
' 1
0 0 0 L 10
(21)
where By, 4(z) (n =0,1,2,...) are the g-Bernoulli polynomials of degree n.
Next, replacing the powers of x, i.e. 29, z', x2,..., 2" by the corresponding
polynomials Hy ,(x), Hyg4(x), ..., Hpq(x) in the r.h.s. and replacing x by the

polynomial Hj 4(z) and using the relation pHy ¢(z) = gBp ¢(x) = Bng{Hiq4(x)}
in the Lh.s. of the equation (17), the following determinant form of the gHBP
HBn () (or ¢qBHP pH, 4(x)) is obtained:

Definition 6. The gq-Hermite-Bernoulli polynomials g By, 4(x) (or q-Bernoulli-
Hermite polynomials pHy o(x)) of degree n are defined by

BHoq(7) = uBog4(z) =1,
BHn,q(x) = HBn,q(x) =

1 Hy(x) Hy(z) --- H, 1(x) H,(x) 1
1 1 1 1
Ler B on I
2 1 n—1 1 n 1
= (-1)" 0 1 [1],1 2l [ 1 :|q In—1]g [1],1 nlq 0 Cn=1,2,
0 0 1 B e Bl
0 0 0 1 [nﬁl]q ﬁ
(22)

where Hy, 4(z) (n=0,1,2,...) are the q-Hermite polynomials of degree n.
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Further, replacing the powers of z, i.e. °, z!, 22,... 2" by the correspond-

ing polynomials Hy 4(z), H14(), ..., Hpq(x) in the r.h.s. and replacing = by the
polynomial Hi 4(z) and using the relation pHy, 4(x) = gEn¢(x) = Eno{Hiq4(x)}
in the Lh.s. of the equation (18), the following determinant form of the gHEP
wEn q(z) (or gEHP gH, 4(z)) is obtained:

Definition 7. The gq-Hermite-Euler polynomials g E, 4(x) (or q-Euler-Hermite
polynomials pH,, (z)) of degree n are defined by

pHoq(z) = nEoq(7) =1,
EHnq(7) = Hqu(x) =

1 Hl,q(x) H2,q($) anl,q(x) qu(x) 1
R T
0 1 s3], s, s, o

=(-1)" , n=12 ,
0 0 1 1 1
0 0 o - 1 3L,

(23)
where Hy, 4(z) (n=0,1,2,...) are the g-Hermite polynomials of degree n.

Remark 5. Taking x = 0 in determinant definitions (17)-(18) of By, 4(x) and
E, 4(z) and on expanding the determinants with respect to first row and using
suitable notations from Table 1 (I-1I), the determinant definitions of the related
numbers By, , and E, 4 can be obtained.

Remark 6. Taking x = 0 in determinant definitions (19)-(23) of BT[LQ,]q(x),
Eih(@), 5Eag(@) (or 5Bug()), 5Hug(@) (o 1Bug(w)) and pHy(x) (or
wEn ¢(x)) and then using suitable notations from Tables 1, 4 and 5 (I-1II), the de-
terminant definitions of the related numbers B,[@%}q, ET[LZ,]q, BEnq (o1 EBng), BHnq
(or aBy4) and gH, 4 (or gE, ) can be obtained.



44 M. Riyasat, S. Khan, N.I. Mahmudov
4.3. Identities for the 2-iterated ¢-Appell polynomials

In order to establish the identities for the 2IgAP Aﬁ]q(x), the following iden-
tities for the ¢-Appell polynomials are considered [5].

n—1

An,q(ﬂj) - ﬁOL,q (ﬂj‘n — kgo [Z]q 577,—]4},(] Ak’q(ﬂf)>, n = 1’ 2, e ,
.%'n = k‘zo [Z] qﬁn*kvq Ak,q(x)7 n= 17 27 tet

Replacing the powers of z, i.e. x! and z™ by the corresponding polynomi-
als Ay 4(x) and A, 4(x) in above equations and then using equation (9) in the

resultant equations, the following identities for the 2IgAP A,[i]q(x) are obtained:

n—1

, <An7Q(x) - z [Z]q /ank‘,q AL%L(.%')), n= 1727 T )

k=0
[Z] qﬁn—k,q Al[j]q(‘r)’ n= 15 2) e

The above examples illustrate that the operational correspondence established
in this article can be applied to derive the results for the newly introduced g¢-
special polynomials given in Tables 2 and 3 from the results of the corresponding
member belonging to the g-Appell family.
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