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On Completeness of Root Vectors of Fourth Order
Operator Pencil Corresponding to Eigenvalues of
Quarter Plane

S.S. Mirzoev

Abstract. In this paper, we find sufficient conditions for the existence and uniqueness
of a regularly holomorphic solution of boundary value problem for a class of fourth-
order operator differential equations. Moreover, for an operator pencil associated with
the boundary value problem under consideration, we prove the completeness of its root
vectors, corresponding to eigenvalues from the sector 3% = {/\ Darg A — 7| < %} We
also establish the completeness of elementary regularly holomorphic solutions of the
considered operator differential equation.
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In memory of M. GG. Gasymov on his 80th birthday
Let us consider a fourth order polynomial operator pencil
PN =ME — A" + X34, + M2 Ay + \A3 (1)

in a separable Hilbert space H, where E is an identity operator, A is a spectral
parameter, and the remaining coefficients satisfy the following conditions:

1. A is a positive definite self-adjoint operator with completely continuous
inverse A~ !;

2. the operators B; = AjA™7, j =1, 3, are bounded in H.
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Obviously, the domain of the operator A7 (y > 0) is the Hilbert space H,
with respect to scalar product (z, y)., = (A7z, A7), z,y € D(A7); for v =0
we assume that Hy = H.

In this paper, we find the conditions on the coeflicients of the operator pencil
(1) that provide the completeness of its eigen- and adjoint vectors (root vectors)
corresponding to the eigenvalues from the sector

~ 0
S’g = {)\: larg A — 7| < Z}

Note that the completeness (multiple completeness) of eigenvectors and ad-
joint vectors corresponding to eigenvalues from the left half-plane was studied by
M.G. Gasymov [1, 2, 3], G.V. Radzievskii [4], A.A. Shkalikov [5], S.S. Mirzoev
[6, 7], A.R. Aliev and A.A. Gasymov [8], A.R. Aliev and A.S. Mohamed [9] (see
also the references therein).

The completeness of the eigenvectors and adjoined vectors with a defect,
corresponding to eigenvalues from some sector, was considered by M.G. Gasymov
[3], G.V. Radzievskii [4] and others.

Denote

Sz = {)\: larg A| < %}

Definition 1. If the equation P (\,) Ton,j = 0 has a non-trivial solution xq, n, ;,
then Ay, is called an eigenvalue, and xg, . ; the corresponding eigenvector of the op-
erator pencil P (X), corresponding to A,. If the vectors xo n, j, T1,n,j; - Th,n,j» b=
0, My, j, J =1, qn, satisfy the equations

h

d1P())
Z g Lh—gn,j = 0,
p qld\?

then xo,n,j, T1,n,js - Th n,j are called eigen- and adjoint vectors of the pencil
P ()\), corresponding to the eigenvalue \y,.

Let’s denote by Lo (R4; H) the Hilbert space of functions f(¢) defined almost
everywhere on Ry = (0,+ 00), with values in H, for which

+oo 9 %
1 Lores iy = </0 Il @l dt) < +o00.

Further, following the monograph [10], we define the Hilbert space

Wi (Ry; H) = {u(t) cu® € Ly (Rys H), A*u € Ly (Ry; H)}



On Completeness of Root Vectors 195
with the norm

1
2

2
||u||W24(R+;H) = <HA4uHL2(R+;H) + H’LL(4)’ LQ(R+;H)>

Here the derivatives are understood in the sense of the theory of distributions
[10].

Following M.G. Gasymov [3]|, we denote by H4,§ a linear set of functions
f () with values in H, which are holomorphic in the sector S%, satisfy f(te'®) =
fa (t) € Lo (Ry; H) for each a € (=%, %), and

ee iay[|2
sup/0 Hf(te )H dt < +o0.

lal< %

The functions f(z) € Hy = have boundary values (almost everywhere or in

Ly (Ry; H)) f+(t) € Lo (Ry; H) on the rays I'yz = {/\ = tei, ¢ > 0}. Hy =
becomes a Hilbert space with the norm

1
2

1
190, 5 = 75 (1 @Oy + 1Oy

We introduce the Hilbert space

Wy = = {u(z) cu®(z) e Hy, =, Atu(z) € H4,§}

’ 4

with the norm

1

2 2 2
ol . = (Hu“%z)\\m + HA“u(z)Hm,g)

4
o]
and the subspace W, z of the space Wi, :
) ' 4
o4 4
Woz = {u(z) su(z) € WQ&, u(0) = 0}.
04
Note that the subspace Waz is defined correctly, as there are analogues of theo-
rems on intermediate derivatives and traces for the functions u(z) € Wi «, i.e. if
4

u(z) € Wé’%, then

AUV (z) € Hy =, §=0,3,u9)(0) € Hy j 1,j=03
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and o
HA4—JU(J)H < const ||ullya 7 =0,3,
Hy 2.7
Hu(j) (O)H L <const |lullys ,5=0,3.
4—]’—5 2’%
If u(z) € Wi, then uy(t) € Wy (Ry; H). Further, we note that if e~ is
o

a semigroup of bounded operators generated by the operator —A, then e *4¢p

belongs to W24£ if and only if ¢ € H7/3, moreover
4
He_ZAV?HW;W < const |||z, -
4

Now we associate the pencil (1) with the boundary value problem

P <i> u(z) =0, z¢€ 8=, (2)

u(0) =, @eH;. (3)
Here the derivatives are understood in the sense of complex analysis in H.

Definition 2. If for any ¢ € H% there is a function u(z) € W24,§ that satisfies
the equation (2) identically in Sz, the boundary condition (3) in the sense of
convergence
lim —lu(z) —¢llz =0
z—0 °

larg z| <
and the estimate

lullya < const [l¢] 7,
2,2 2

then the problem (2), (3) is called regularly solvable, and u(z) is called a regular
holomorphic solution of this problem.

It is evident that if A\, € 5’% and {xp, n;} is the system of eigen- and adjoint
vectors of the pencil P (\) corresponding to the eigenvalue )\, then
h h—1
z z
unj (2) = € (””O»n,j T

nl Tinj + ...+ xh,n,j) , h=0, Mn,j, J=1 qn,

belong to the space W245, satisfy the equation (2), and are called elementary
14
holomorphic solutions of equation (2) in the sector Sg. Conversely, if all the
functions up,, j (2) belong to Wy » and satisfy equation (2), then the vectors
4
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Z0,n,j» T1,n,j> - Thn,; are eigen- and adjoint vectors of the pencil P (\), corre-
sponding to the eigenvalue \, € S’%. Denote this system by K (g)

The goal of this paper is to find conditions that provide the completeness
of the system K (%) in the space of traces of regular holomorphic solutions of
the equation (2), i.e. in H 1 and the completeness of the system of holomor-

phic elementary solutions {uh’n,j(z)}fb‘;l , h =0, m,j, j = 1,4y, in the space of

holomorphic solutions of the boundary value problem (2), (3).

Note that the completeness of the system K (%) with a finite-dimensional
defect in H with Bj € 0 , j = 1,3, was proved in [3].

Now we prove some statements.

Let’s introduce the notations

3 0
] |
Pyu= Py <dz> u(z) =u? (2) — A), Pru=3 " Aigul)(z), we Wiy,
j=1

and

3
PN =ME—-A", PL(\)=) MAy;.
7=1

First we investigate some analytical properties of the resolvent P~1 ()).

Lemma 1. Let the conditions 1), 2) and the inequality

3
D daj|Bagll <1
i=1

. % A i T'
d4,j=<fl) (4]> L j=173 (4)

[A*A** P~ (V)| < const, s € [0,4],

hold, where

Then the estimates

hold on the rays v+ = {)\ A= teii%, t> 0}.

Proof. Let A € ~4, ie. A = te'’T. Then the operator pencil Py (\) =
ME — A* = —t*E — A% is invertible in H and, from the representation

PAN=PN+Pi(N)=(E+Pi(N)Py"(N)Py(\), X€ s,
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we see that if ||P; () Pyt (A)]| <6 <1 for A € 74, then the pencil P (}) is also
invertible in H. As the inequality

3
[PL () Bt ]| < D I1Basjll [N AT Pt (V)]
j=1

holds for A € ~y4, it follows from the spectral decomposition of operator A that

}|)\SA4_3PO_1 ()\)H = sup

#5408 (t4 +M4)_1‘ < sup

5 (r* + 1)_1’ = dy,s,

pea(A) >0
where dy = (2)1 (42) T | s=T.3, dyo=1,fors=0and s =4
Thus )
[P (N B (V)| < Zld4’j [Bajl <1.
Then -

P i =P N (BE+PL(V) R

and for s € [0,4] the inequality
[ASA PN < VAR )| || E 4 P (A Pyt (V]| < const.

holds. «

Theorem 1. Let the condition 1) be satisfied. Then the operator Py = Py (d%)
4
o
isomorphically maps the space WQ% onto the space Hy, ™.

A

Proof. For x € Hz the function ug (z) = e *“x is a general solution of the
2

4

o

equation Py (d%) u(z) = 0 from the space W ». From the condition u(z) € W x
bl 4 ’

it follows that e"*42 = 0, i.e., = 0. Therefore, Ker Py = {0}. On the other
hand, it is easy to see that the vector function

2
w(z) = ;Tikzl/l“k(_l)kpo_l (A F (N A, Ty =y, Ta =7,

where f () is the Laplace transform of the function f(z) € Hy, =, is a particular
solution of the equation Py () u(z) = f(2). As f(2) € Hy z, £ (\) is holomor-
f()\)H — 0, A — oo in this sector, and f (\) has bound-

ary values on v, and y_. Lemma 1, in particular, implies that w (z) € Wi ..
4

phic in the sector C\S%,
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Then the general solution of the equation P (d%) u(z) = f(z) from the space
W24’% has the form u(z) = w(z) +e 4z, x € H% From the condition «(0) = 0 it
follows that = = —w(0) € H%, besides u (z) € W‘l’g. Thus, ImPy = W24,§- Fur-
ther, given that HPUUHHQ% = Hu(4) - A4UHH2& < const HuHW;% , from Banach’s
inverse operator theorem we get the validity of the theorem. <«

Now we prove the following theorem.

Theorem 2. Let the conditions 1), 2) and the inequality

3
> NjlIBaj| <1

j=1
holds, where
N;= sup HA4_ju(j)H |Poullt ., =123
O;Auev?/:% o -’
Then the problem (2), (3) is regularly solvable.
Proof. Replacing u(z) = w(z) +e 4y, ¢ € H%, from equation (2) we obtain

P <jz>w(z)+P1 (i) w(z) = —P, (i) Ay

It’s obvious that
d
=P (= )e 4
lo(), ; = |1 (57) |

Z [Ba—jll ||A%e 7ZA<PHH2& < const [|¢ll7/2
]:

ie. g(z) = —P ( d ) e~y € Hy z. So, given that w(0) = 0, we obtain the
following equation for w :

< Z||B4 ill A A e ||y, <

2, % 7j=1

w

04
Pw:P0w+P1w:g,wEWQ&,gEHQ&

Since PO is an isomorphism, after replacement v = Pyw we obtain the equation
(E + P Fy ) v = g in the space H2 . As

3
| PPyt <Y |IBayl HA%J'W('
j=1

UHHZ% = HP1W||H27

E]
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w

Z NBasll 1Pl < 0l ,

we have
v=(E+PF") g,

and
w=P " (E+PP") g

It easily follows that

[wllya < constllglly, , < constllellz.
2,7 g 2

Thus, u(z) = w (2) + e *4¢ is a regular solution to the problem (2), (3), and

[ullya < const ]|z .
2,2 2

From this theorem it is clear that in order to find the solvability conditions for
the boundary value problem (2), (3), it is necessary to find the exact values Nj,
7 =1, 2, 3, or estimate them from above. To this end, we prove some statements.

Lemma 2. Forj € {O, d;?) , where the numbers dy ; are defined by the equalities

(4), polynomial operator pencils
Pi(X; By A) = (iN E+206N" At + A5 — (i)Y A j=1,2,3,
are represented as
P (X By A) = (A By A) ¢ (=X B; A), ()
where the operator pencil
¢j (A B; A) = XE + A+ a15 (B) MA® + g (8) N2 A% + as; (B) A A,

¢j (N; By A) has a spectrum only from the left half-plane, and the numbers
a1 (B) , 1=1, 2,3, satisfy the relations

a) for j = 1: i (B) — 2021 (8) = =B, a3,(B) = 2a1,1(B)as1(B),
0‘%,1 (B) = 20‘2,1 (B);

b) for j = 2: afy(B) = 202(8), a55(B) — 2c12(B)aza2(B) = =5,
0‘%2(5):2‘122( B);

c) for j

a3,3( )—2%3( ) =

3: 0‘%,3(5) = 20‘2,3(5)7 O‘%,:&(ﬁ) = 2041,3(5)03,3(5)7
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Proof. Tt is evident that for p € o (A) the polynomial P; (X\; §; p) has no

roots on the imaginary axis if 5 € [0, d;?) Therefore, it can be represented as
P (X By ) =95 (A B5 1) ¢5 (=5 B; 1),
where
¢5 (A B5 ) = (A= w5 (B)) (A — vz j (B)) (A = pews  (B)) (A — pewa 5 (B))

and Rewy,; (8) <0, k =1, 4. Using the spectral decomposition of the operator
A, we obtain the representation (5), and the relations a), b), and ¢) are obtained
by comparing identical powers of A in the representation (5). <

This lemma implies

Lemma 3. For any u € W3 (Ry; H) the equality

d 2 o
‘ b; <ﬁ;B;A> u + (S (B; A) §,8) s =
Ly(Ry;H)
A L i (12
:Hu(>+A u‘ —BHA *Ju@‘ i=1,23,
La(R4;H) La(Ry;H)
s true, where
3
3= (o= a5 ) |
v=0
and
o1 a2, a3, 0
a27 j a17 .a27 j a3’ j al’ ag? j a17 j
59 = | o e e o
3, Q3,0 Q3,25 — Q1,5 Q2
0 a1, az,j s,

Proof. Integrating by parts and taking into account the relations a), b), and

c), we obtain
d

2 2 4 112 ~ o~
+2]A uIIHLQ(R+;H) +]A UHLQ(R+;H) —(Q5 (B) &, @) pya »
where all elements of the matrix @; (5) are equal to the elements of the matrix
S (B) , except

2

[l

La(ReiH) Lo(Reif)

g1 =1, g32 =01 o —1, @3 =oa3az; —1, g4 =1
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On the other hand,

o9+ ] gy = 101,

N La(Ry:H

2 2
La(R4;H) )+2HA UHHLz(R+;H)+

+ HA4“|@2(R+;H) — (QoPs @) pra

0 0
where all elements of the matrix (Jg are zero except for ¢4 1 =1, 432 = —1, a3 =
0
—1, q14 = 1.
Thus,
d 2
‘ b; (dt;ﬂ; A) u +((Q5 (B) = Qo) &, D) pa =
La(Ry;H)
2 X NI
= Hu(4)+A4u’ —/BHAzkju(J)’ .
Lo(Ry;H) Lo(Ry;H)

This implies the assertion of the lemma. <«

04
Theorem 3. Let § € [0, d;?) and u € Woz. Then the following equality is

true:
2 o 2 1 2
' Py <d> u - p HAHW) (Z)‘ =5 ‘ b; <d;ﬁ; A) Uy +
dz Hyz Hyy 2 dt Ly(Ry;H)
1 d 2 0 L .
Lo(R+;H) H3
where 5
and .
0 OéLjOéQ,j — 04373' ﬁO&LjOzg,j 0
Si (B) = 5003 3,02, — 01 500
0 %O@J Ckgjj
Proof. We have:
2 2

P, ((Z) w(2)

1 im
- e -,

H.
2,T

2

Lo(Ry;H)
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o 2
41 Hu@ezx.z.z B A4u_’ _
2 La(Ry;H)
i@ | o4a |12 L@ o4 |2
S| RO | YL
2Hu+—i— g T2 0% T

Then from Lemma 3 and from the relation g—;u (tew) = e“‘PC}‘l—;u (tei“’) (z = tei‘P),
we obtain g?)g = f]gﬁ, gb,% = U‘lgé, where U = diag (ei%, e%%, e?”%). Theorem

is proved. «

Theorem 4. The following estimates are true:

18
35+ V73

Proof. Obviously, when 8 = 0, oy, (0) = a3 (0) = 2v/2, a2, (0) = 4. Then

3
N1§2_27 N2§< > ,N3§3_i-

0
it is easy to see that S;(0) > 0. Therefore, the first eigenvalue of the matrix
0
S (B) > 0 for small 3 > 0. Further, if N; > dy;, then Nj*2 € (O, d;?).
In this case, for g € (N ]-72, d;?), by the definition of N, there is a function

o4 a2 .
ug (z) € W = such that |]P0u5||§{27% <p HA4—JU(J)HH2% . Then from equality

0
(6) we find that the first eigenvalue of the matrix §; (f) is less than zero for
B e (N j_2, d;?) Thus, the first eigenvalue )\5-1) () vanishes at some points in
0
the interval (0, d;?). Consequently, the equation det S; (8) = 0 has a solution
from the interval (0, d;?) and it is obvious that Nj_2 > 15 (0), where 5 (0) is
0
the smallest root of det S; (3) = 0 in the interval (O, dZ?) But if N; <d4; and
1
1; (0) does exist, then it is evident that again N; < u? (0). It follows from the

0
above that we must solve the equation det S; (3) = 0 with regard to the equalities

0
a), b), or c¢). For example, for j = 1, from the equation det S;(8) = 0 with
regard to condition a), we obtain ag; = \/g, a3 = 2{‘/@, o1 = V8. Therefore,

_1
B =2a51—a2; = V&, e, u (0) = VB € (0, d;j). Then Ny < (v8) 2 =271
Similarly, for j = 2 we have us (0) = %, and for j = 3, u;(0) = V3.

1
18 2 -1
Therefore, Ny < (35+\/ﬁ> , N3 <37 1. «
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Thus, we obtain the theorem on the solvability of the boundary value problem

(2), (3).
Theorem 5. Let the conditions 1, 2) and the inequality

18
35+ /73

hold. Then the boundary value problem (2), (3) is regqularly solvable.

1
_3 2 1
_— 4HBaH+< ) 1Bofl 434 |B1]] < 1, @

The following theorem is valid.

Theorem 6. Let the conditions 1) and 2) A= € 0, (0 < p < o) and one of the
following conditions be satisfied: a) T < 1 for0 < p<2,7< sin% for2 < p < ooy
b) T < 1, the operators Bj = AjA_j, 7 =1,2,3, are completely continuous in
H, where the number T is determined from the inequality (7). Then the system
K (%) is complete in H%

Proof. From the results obtained in [1, 2, 4, 11] it follows that if A=! €
0,(0 < p < 0), then AYP~1 () is represented as a ratio of two integer functions
of order not higher than p and of minimal type with order p. Under the conditions
of this theorem, the boundary value problem (2), (3) is regularly solvable. Then
for any ¢ € H% there is a solution to the problem u (z) € WZL&. If K (%) is not

complete, then there is a vector ¢ € Hz orthogonal to the system K (%) in space
Hz. Then, using the form of the regular solution we have
2

—L - _1\k i 6)\2
) = 5 D) / RIS

211
k=1

where i () = P~ ()\) -7 (\), r ()\) are third order vector functions with respect
to A. In this case, for z € S%

(u(2), 9); = (A%u(z), A%p) =

_ 12(_1)k/ (AZP71 () r (), Afp) Xda =

2
27
k=1 Lk

— QLM 22:(1)’“/

i (rov, (2P ()\)>* AZp) N
k=1 k
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As (A%P_l ()\))* A%go is an integer function of order not higher than p, S (\) =
<1" (N, (A%P_l ()\)) ' A%gp) is also an integer function of order not higher than p.

It is evident that the function S(A\) = 0as A =0, A € C\S’% and has boundary
values on the rays I'y, kK = 1, 2. On the other hand, in case a), for 0 < p < 2
on the rays Ty, k =1, 2, we have ||S (\)|| < const |\|*. Then, by the Phragmén—
Lindel6f theorem, this estimate holds on the entire complex domain. It follows
that the polynomial S (\) = Zizo bpAF. Then (u(z), cp)% =0 for z € Sz. Hence,

when z — 0, z € Sz we obtain Il =0, ie., ¢ = 0. If, in case a), 2 < p < oo,

it is obvious that on the rays I'y, = {)\ rargA =7+ %} we have

3
[1P1 (X)) Pyt (V]| < D 1IBasjll [N AP ()|

j=1
and
4 . ‘ 4 _1
H/VAZF]PO_1 (/\)H = Ssup TJM47] (7“8 + ,u8 — 2r4u4 cos 27“) 2 <
pea(A)
_1
< sup |ripd(rt + u4)71 <1 —2rtpt (rt + pt) -2 <1 + cos 2%)) ’l <
pea(A)

1
-3
< dy;j (1 — cos? 7;) = dy sin™? %

Therefore, when 7 < sin %, on the rays I'y, there exists

PN =P\ (E+P (NP (/\))71 ;

and again, repeating the same reasoning, we obtain ¢ = 0. In case b), from the
existence of a solution of the boundary value problem (2), (3) for 7 < 1 and
from the Keldysh lemma [11], it follows that for 0 < p < oo we can apply the
Phragmén-Lindelof theorem and obtain ¢ = 0. «

Theorem 7. Let the conditions of Theorem 6 hold. Then the system of ele-
mentary holomorphic solutions of equation (2) is complete in the space of reqular
holomorphic solutions of the boundary value problem (2), (3).
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Proof. Obviously, the space of regularly holomorphic solutions of the bound-
ary value problem (2), (3) is closed. Then from the theorems on traces and
uniqueness of regularly holomorphic solutions it follows that

e llelly < llullws, < eallells -
4

As the system K (%) is complete in H 1 for any € > 0 we can find numbers
N ; (€) such that

Then, given that ¢ = w (0), Zp, nj = Un,n,; (0), it follows

N
v Z Z Cf]Xn,j (e) Up, njl| <& <
n=1(h,j)
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