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Basis Properties of Trigonometric Systems in Weighted
Morrey Spaces

B.T. Bilalov*, A.A. Huseynli, S.R. El-Shabrawy

Abstract. In this paper, the basis properties (completeness, minimality and basicity)
of the system of exponents are investigated in weighted Morrey spaces, where the weight
function is defined as a product of power functions. Although the same properties of
the system of exponents, as well as their perturbations, are well studied in weighted
Lebesgue spaces, the situation changes cardinally in Morrey spaces. For instance, since
Morrey spaces are not separable, the first difficulty arises concerning the formulation of
the problem: to find the “suitable” subspace, in which the above mentioned properties
have a “chance” to be true. Another difficulty, that frustrates the “usual” attempts is
that, the infinite differentiable functions (even continuous functions) are not dense in
Morrey spaces. Nevertheless, there are works that study these problems. For example,
in [8], the basis properties of the system of exponents in Morrey space have been studied.
Also, in [9, 7] the basis properties of the perturbed systems of exponents in Morrey space
have been investigated. On the other hand, some approximation problems have been
investigated in Morrey-Smirnov classes in [22].
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1. Introduction

Morrey spaces were introduced by Charles B. Morrey, see [31], in the study of
partial differential equations, and presented in various books, see [18, 25, 44, 1],
survey papers [36, 37, 32] and the references therein. The surge of interest in
Morrey-type spaces during the last decade allows to consider the basis proper-
ties of systems in such spaces in order to fill the gaps in the theory of Morrey
spaces. These problems arise naturally in the solution of many partial differential
equations by the Fourier method.
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Some authors have studied the basis properties of trigonometric systems in
Banach function spaces. Well-known results concerning the basis properties of
the systems of exponents in the case of the Lebesgue space L, (1 < p < 00),
can be found in [15, 16, 46, 24]. Babenko [2] has proved that the degenerate
system of exponents {[t|* ei”t}nez with |o| < 3 forms a basis for Ly (—,7) but
does not form a Riesz basis when a # 0, where Z is the set of integers. This
result has been generalized by Gaposhkin [17]. In [23], the conditions on the
weight function p, for which the system {ei”t}n cz forms an unconditional basis
for the weighted Besov space have been obtained. Similar problems have been
studied in [26, 11, 12, 19, 41, 6]. The basicity of the systems of sines and cosines
with degenerate coefficients have been analyzed by many authors. Amongst the
Banach spaces where the basicity are known we mention the Lebesgue space L,
(1 < p< 0),[10, 38]. Basis properties of the linear phase systems of sines, cosines
and exponents in weighted Lebesgue spacees have been studied in [27, 28, 35];
see also [3, 4, 5].

The basis properties of the systems of sines, cosines and exponents in Morrey
spaces have been much less studied. In [8], the basis properties of the system of
exponents in Morrey space have been studied. Also, in [9, 7] the basis properties of
the perturbed systems of exponents in Morrey space have been investigated. On
the other hand, some approximation problems have been investigated in Morrey-
Smirnov classes in [22].

We will use the standard notations. Denote the set of positive integers by N
and the set of nonnegative integers by Ny. We denote by L[M] the linear span
of the set M. M will stand for the closure of the set M. X* will denote the
conjugate space of a space X. || - ||, means sup-norm.

Our aim in this paper is to study the basis properties of the systems {sinnt},,

and {cosnt},y, in weighted Morrey space E,’Z’A(O,W) defined by a product of
power weights of the form

v(t)= [ It —tel®*, tel07], (1)
k=0

where tg = 0,t, = 7, and ) are arbitrary finite points in the interval (0,7) for
all k=1,2,...,7r—1and o, € R for all £k = 0,1,...,r. The basis properties of
the system {emt}n ¢z in weighted Morrey space /JZ;’)‘(—W, 7) are also considered,
where

v(t) =[] [t —tel™, te[-mn], (2)
k=0

and tj are arbitrary finite points in the interval [—m, 7] and o € R for all
k=0,1,....r.
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Although the basis properties of trigonometric systems, as well as their per-
turbations, are well studied in weighted Lebesgue spaces, the situation changes
cardinally in Morrey spaces. For instance, since the functional characterization
of dual spaces of Morrey spaces is not known, this creates additional difficulties.
Another difficulty, that frustrates the “usual” attempts is that the infinitely dif-
ferentiable functions (even continuous functions) are not dense in Morrey spaces,
but we still seek to prove “density” property of trigonometric functions, which
are infinitely differentiable. For these reasons, unlike the L, case, we will use
here different methods to study the basis properties (especially completeness and
basicity) in weighted Morrey spaces.

The paper is organized as follows. In Section 2 we state some basic definitions
and facts related to Morrey-type spaces and singular operators to be used later.
Also, we prove results required for the proofs of our main results. In Section 3,
the main results are presented. We obtain sufficient conditions for the minimality
and basicity. Furthermore, necessary and sufficient conditions for the complete-
ness are stated. Section 4 concludes the paper with the suggestions for further
research.

Note that the completeness of the system of cosines has been recently studied
in [47].

2. Preliminaries

2.1. (Weighted) Morrey space on an interval

For 1 < p < 0o and 0 < A < 1 we define the Morrey space £P*(a,b) as the
set of functions f on (a,b) such that

1
5= W lnria = s | 7 [isora) <.
I

I1C(a,b)

where I C (a,b) is any interval. It is clear that £P(a,b) are Banach spaces.
Morrey spaces can be defined in a more general way (see e.g. [1, 31, 32, 36, 37, 45])
but this is enough for our purposes. The Ly(a,b) spaces with the Lebesgue
measure correspond to the case A = 0. The weighted Morrey space E,’j’)‘(a, b) is
defined in the usual way:

£8Ma,b) = {f svf € LPMa,b)

Wlth ||f||p,)\;l/
of this space.

:= [|vf][, »- The function v is called the weight or weight function
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It is evident that the space Eﬁ’)‘(a, b) contains constant functions if and only
if v € LP*(a,b). Throughout this paper, unless otherwise stated, we will assume
that 1 < p,g < oo, p ' +¢ ' =1and 0 < A < 1. Also, the letter ”¢” denotes
a positive constant, which is not necessarily the same at each occurrence but is
independent of essential variables and quantities. The expression f~g, t — a
means that in sufficiently small neighborhood Oy of the point ¢ = a, the inequal-
itles 0 < 6 < ‘%‘ < 6! < oo hold. If the last inequalities hold on an interval
I, we write f~g on I. For example, sint~t(m —t) on [0, 7].

By the basis properties we mean the minimality, the completeness and the
basicity. We assume here some familiarity with basic concepts of basis theory and
we refer to the books of Heil [20], Christensen [13], Singer [42, 43] and Bilalov
B.T. [6] for basic concepts such as complete and minimal systems and bases in
Banach spaces.

The following lemma has been proved by Samko [39] in the case of Morrey
space on a bounded rectifiable curve. In our case it reads

Lemma 1. The power function |t — to| ¢, to € [a,b], belongs to the Morrey space
LPA(a,b) if and only if o € [%, oo).

The above lemma implies the following
Proposition 1. Let v be given as in (1). Then

1. {sinnt}, . C £520,7),0 < A < 1, if and only if

A—1 A—1
Qq, ay € [—1,00) and oy, € {,oo) yforall k=1,2,...,r—1. (3)
p p

2. {cosnt},cn, C L£520,7),0 < A < 1, if and only if
ap € [)\, ) , forall k=0,1,2,...,r. (4)
p

Proposition 2. Let v be given as in (2). Then, {emt}nez C L2 (=, 7) if and
only if conditions (4) are satisfied.

Remark 1. The case A > 0 differs from the case A = 0: when A = 0, conditions
(3) must be replaced by the conditions

1 1
Qg, oy € <— — l,oo) and aj € <—,oo> , forall k=1,2,...,r—1.
p p
Also, for A =0, conditions (4) must be replaced by the conditions

1
ap € <,oo>, for all k=0,1,2,...,r.
p
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If v is given as in (2), the basis properties of the system {I/(t)emt}nez, with
degenerate coefficient v = v(t), in the Morrey space LP*(—m,m) are the same
as the corresponding basis properties of the system {emt}n oy 0 the weighted

Morrey space E’V)”\(—ﬂ, 7). As an example, we mention the following proposition
concerning the minimality.

Proposition 3. Let v be given as in (2) under conditions (4). The system

{V(t)emt}nez is minimal in LPMN—n, ) if and only if the system {emt}nez is

minimal in L5 (=, 7).

Proof. Let {Z/(t)emt}nez be minimal in £P*(—7, 7) and take £ € Z. Then
V(D)™ ¢ spam {v(t)e™}, .
where the closure is in the space £LP(—m, 7). So, there exists ¢ > 0 such that
Hyem — ng,/\ >e, for all g € span {V(t)ei"t}n#.
Therefore

This proves the minimality of the system {e”} oz 0 L2 (=7, 7). The second
part can be proved analogously. <«

0t it int
e’ —hH = Hye —uh” >e¢e, forall h € spanie )
pAV pA J pan { }"#

By similar arguments, it can be shown that the system {V(t)emt}n o, 1s com-

plete in (forms a basis for) £PA(—,7) if and only if the system {e™} is

nez
complete in (forms a basis for) E,’j”\(—ﬂ, 7). Similar results can be obtained for
the systems of sines and cosines.

2.2. Auxiliary propositions
Let us start by considering the space

(c) :{g; sup Hfg||L1<+°°}’

Hf”p,,\:l

with the norm

lgll = sup 1 fgllz: -
(£22) peon gl y=1
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It can be proved that (Ep”\) is a normed space and the following inequality is
satisfied

gl < £l Nlll ()

LM)/,

for all f € £LP* and g € (Ep”\)/.
Now, we will prove the following

Lemma 2. [t)® € (£ (-7, 7)) < B € (—% — 1,oo) 0<A<l1l<p<
—+o00.

Proof. Firstly, suppose 8 € (—% - 1,oo>. Then, for all f € LPA(—7,7),

we have
B B
t7 ()] dt = E / t|” | f(t)| dt
/H‘ ’ |62k17r2kH’()‘

<c 22 ’fﬂ/ |£(t)] dt

ltle[2-F—1m,2-*x]

<c iQ—’“BQ"“(l‘%) (/“ i ()P dt)

k=1

o0
—e St ) ) < el
k=1

3 =

p7

Then, |t|° e € (LPA(—m 7r))
Conversely, suppose that § ¢ < A= 1 oo) That is 8 + % < —1. Then,
|77 € LPA (—7,7) and

m A—1 m A—1
/umﬂpﬁ:/\w+pﬁ=m
—Tr —T

Thus |¢|® ¢ (£P) . This completes the proof. <

The case £P*(0, ) is similar and can be treated as in the following lemma.

Lemma 3. [t|® € (£72(0,7)) < e (—% - 1,oo> 0<A<1,1<p< +o0.

Proof. Firstly, suppose 8 € ( T -1 oo) Then, for all f € LPA(0, ), we

have
A )| d Z d
/ [t|” | f(t)| dt = E / R |t| |f(t)] dt



172 B.T. Bilalov, A.A. Huseynli, S.R. El-Shabrawy

e o) de
>

2*k*1w,2*k7r]

hSA

<c i;iQ‘k52‘k(1‘%) (J{ - 2k]|j(tﬂpdt>

k=1
o0
—k(B+1-142
—e SR ) < el

Then, [t|° € (£P(0,7)) .
Conversely, suppose that g ¢ (—% -1, oo). That is 5 + % < —1.
Then, |t|% € LPA(0,7) and

™ A—1 ™ A—1
/ﬁmﬂpﬁ—/|M+Pﬁ—w
0 0

Thus [t|® ¢ (£P) . This completes the proof. <
Next, we give the following

Proposition 4. The relations

’

{sinnt}, oy € LEA(0,7) and v'(t)sinnt € (ﬁp’)‘(O,ﬂ))
are true if and only if

A—1 _ 1-2X A—1 1-\
o, Qp € -1, +/\+1> and {ak};;} C [,4-)\),
p q p q

0<A<1,1<p<+oo. (6)
Proof. We have

/

v (t) sinnt € (LPJ) < [Jt]o

’

H—ﬂkwﬁﬂﬂﬂe(ﬁm)hhrk:L“m—L
By using Lemma 1, we obtain

' A—1
v7L(t)sinnt € (ﬁp”\) sl-—ag+——> -1,
p
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A—1 A—1
l—a,+——>-1and —ap+—> -1, fork=1,..r —1.
p p

That is

/

1—
v1(t)sinnt € (Ep’)‘> < ap, o € [—oo, 1=X + A+ 1>
q

and Lo
{ap )il [—oo, % + /\> ,

where % + % = 1. The proof is completed thanks to the fact that {sinnt}, . C
L5 (0,7) if and only if conditions (5) are satisfied. <«

2.3. Zorko subspace of weighted Morrey space

Denote by C5°[—m, ] the set of all infinitely differentiable functions with
compact support in (—m, 7). Note that functions in £P* (—m,7) can not be
approximated by functions in C§°[—m, 7], nor even by continuous functions. That
is the set C§°[—, 7] is not dense in LP (—m,7) (c.f. [5,35]). This fact stays valid
in the weighted setting of Morrey space. For example, let v be given as in (2)
under conditions (4). Let 79 # tx, Yk = 0,7, 79 € (=7, 7) be any points. Then,
there exists sufficianly small g > 0, such that

123 ¢ 05() C (_7T77T)7Vk207r7

where Oj, = [70,70 + do]. Then it’s clear that ggé (t) = XO0s, (t) vt (t) is a con-
tinuous function on [—m, 7]. Consider the function

FWO) =Jt—m| 7 v (1).

It’s obvious that f € LE™ (—m, 7). Let g € C [, ] be any function. From (4)
it follows that g € LE™ (=, 7). We have

Hf _gHL{j»‘(_mﬂ.) > Hf _gHLg’A(OSO) -
= |lfv— QVHLp,A(o(SO) = |[F - G|’va>‘(050) ’

A—1
where F (t) = |t — 10| » € LP*(Os,), G = gv € C(Os,). For the rest one needs
to follow the corresponding example of Zorko [1, 45].
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Let f () be the given function on [a, b]. To determine the Zorko type subspace
we will assume that the function f (-) is continued to [2a — b, 2b — a] as follows
(and the newly obtained function is also denoted by f (-)):

[ fQa—=z),xz€2a—0b,a),
f(:c)—{ f(2b—2x), z e (b,2b—al.

So, following Zorko [45], we consider the subspace

£ (@.8) = {F € L5 @.0) ¢ [1(+8) = [l p — 0 as8 = 0}
where v is given as in (2) under conditions (4). We will refer to this sub-
space as the Zorko subspace of ot (a,b). Also, we consider the L2 closure

of £2? (a,b) and denote it by ME™ (a,b). It is easy to see that if v € L£P (a,b),
then C'[—a,b] € ME*(a,b). In fact, let f € Cla,b] be an arbitrary function
and ¢ be an arbitrary number (with |§| sufficiently small). It is obvious that the
extended function f () is continuous on [2a — b,2b — a]. We have

1 1/p
1fC+0)=FOllpr, = S (W/Il(f (t+0) - f(t))V(t)lpdt> <

< sup [f (t+0) = f @ Iwl,n—0, 6—=0.
tela,

Thus we have the following
Lemma 4. If v € LP* (a,b), then Cla,b] € ME™ (a,b).

Since M2 (a,b) is a closed subspace of L5 (a,b), it also contains the £57-

closure of C§°[a, b]; in fact, MY A (a,b) is precisely that closure.

Proposition 5. Let v be given as in (2) and the following condition hold:

1—-X 1-2AX
ay € —,—+1>,k=0,r. (7)

Then the set C™ [—m, 7] is dense in ME™ (—m, ).

We need the following lemma.
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Lemma 5. [Minkowski inequality for integrals in weighted Morrey spaces] Let
(X; Xo; 1) be a measurable space with a o-additive measure p(-) on a set X,
v = v(t) a weight function, dy a linear Lebesque measure on an interval (a,b)
and F(x,y) be p x dy-measurable. If 1 < p < oo, then

| [ Pt

< / 1P 9)l], o dis():
AV X

Proof. By using the Minkowski inequality for integrals in Ly(a,b)

| [ Pt

ik /X |F (2, y)v)l,, du(e),

we have

</Br(x) pdy>; < /X </Br(x) |F(z, y)v(y)[” dy) du(z),

where B, (z) is a ball with a radius r > 0 centered at € X. Then

1

1 / P
= dy
( TA By (x) )

1 p
</ (A /. |F<x,y>u<y>|pdy) duz).

The required result follows by taking the supremum over all x € (a,b) and r > 0
in the last inequality. <«

3=

/ F(z, y)v(y)du(z)
X

/ F(z, y)v(y)du(z)
X

It is now easy to provide the
Proof of Proposition 5. Let f € MEA (—m,m), and € > 0 be a sufficiently
small number. Consider the function

2
w(t) = { el @), i<,
0, [t > e,
where ¢ is chosen so that [ w.(t)dt = 1. Define the function f.(t) as
0= [ wo)f- s

As ¢ > 0 is sufficiently small, this definition is correct. Indeed, it is enough
to prove that f € Ly (—m, 7). From f € ME? (—m,x) it follows that (fv) €
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Ly (—m,m). Let (7) hold. By using Lemma 2 it is easy to prove that vl e

(Lp’)‘ (—7r,7r))/. Since (fv) € L, (—m,m), we have f = (fv)v=! € Ly (—m, 7).
It is clear that f.(¢) is infinitely differentiable function on [—m, 7], and

Ife = f

oo = | [ ot = syas — g0

DAV

_ H/Z we(s) [f(t — s) — f(t)] ds

DAV

Applying Lemma 5, we get

Ife = [l

o < [ ) 0= 9) = Ol s

—00

< sup 7= 9) = SOl [ wels)ds

|s]<e —€

= 5up (7 = 5) = f(ll 0 0 a5 £ 0.
s|<e

This completes the proof. «
Similarly way we can define M} A (0,7) and prove the following

Proposition 6. Let v be given as in (1) and the conditions (7) be satisfied. Then
the set C*°[0,w| of all infinitely differentiable functions with compact support in

(0,7) is dense in ME™ (0, 7).

In the sequel, we will use the following obvious facts.

If the system {z,}, .y C MY A is minimal in ﬁg’)‘, then it is also minimal in
ME,

Let a Banach space X be continuously embedded in M2 : X ¢ ME?, X be
dense in MZ” and the system {#n},en € X be complete in X. Then {,},cy
is complete in Mf’)‘, too. Indeed, let ¢ > 0 be such that

[fllpay <cllfllx, VFeX,

is valid, where |||y is a norm in X. Let f € M}  be an arbitrary function and
€ > 0 be an arbitrary number. Then 3f. € X :

e
||f - fEHp,)\,V < 5
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From completeness of {x},cy in X it follows that 3 {an},_ 17

g
fE - Zanxn < %
n=1 X
We have
m m -
‘f—Zanxn <|f = fellprn + fg—Zanxn 35_1_

TL:1 vayl/ n:l p,)\,l/

< g

+c fa_zanxn <§+C%—€
n=1 X

Hence, the assertion follows.

Remark 2. It should be noted that, in general, Proposition 3 loses meaning in
MP? . Since in this case the system {v (t) €™ },cy cannot belong to the space
MPA,

3. Singular operators on weighted Morrey spaces

Especially relevant to our purposes is the boundedness of the singular operator

™
Sf(x):l/ SOy se (. (8)
27 J_,
The boundedness of the singular operator in the weighted Lebesgue space L, ,
is closely related to the concept of the class of Muckenhoupt weights A4,. For a
fixed 1 < p < oo, we say that a weight function p : (—m, ) — [0,00) belongs
to A, (—m, ) if there is a constant C' such that, for all intervals I C (—m,m) in
(—m,m), we have

(i [ooae) (57 [ wen = dt)p_l <C <.

It is well-known that the singular operator S is bounded in L, , (—7,7) if and
only if p € A, (—m, 7). The conditions

11
ay € (—,) , forallk=0,1,2,...,7, 9)
P q
are the Muckenhoupt conditions with respect to the weight function v(t) given in

(2). Moreover, the system of exponents {e ey forms a basis for Ly, (—m,m)
if and only if p € Ay (—7,7); (c.f., [21]).
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Muckenhoupt weights A, (0,7) on (0,7) are defined similarly. Definitely, the
class of weights for Morrey-type spaces for which the singular operator is bounded
differs from the Muckenhoupt class A, of such weights for the Lebesgue space
L,. It should depend on both p and A. For example, in [39], the following result
has been proved.

Proposition 7. Let 0 < A < 1,1 < p < 400, and v be given as in (2). The
singular operator S is bounded in the space £or (—m,m) if and only if
A—1 1-—X
oy € <,+)\) , forall k=0,1,2,...,r. (10)
p q

In this paper we show that the conditions (10) are necessary and sufficient
for the basicity of the system {ei”t}n ez I M (—m,m), and sufficient for the
basicity of the systems {sinnt}, . and {cosnt}, oy, in M2 (0, 7).

A certain candidate for the class of weights, denoted by A, », in the case of
Morrey spaces, similar to the Muckenhoupt class A,, was introduced in [40], where
its necessity was shown for the boundedness of singular operator. Although, the
result in Proposition 7 is enough for our purposes.

Similar to [9], one can prove the following

Proposition 8. Let v be given as in (2). Then, the singular operator S is

bounded in the space MY (=, w) if conditions (10) are satisfied.

4. The basis property of sines and cosines systems

In this section we will establish the basis properties of systems of sines and
cosines in weighted Morrey spaces.

Theorem 1. The system {sinnt}, v is minimal in LA 0,7),0 < A< 1,1 <
p < 00, if conditions (6) are satisfied.

Proof. Define the sequence of linear functionals {g,} on £5* (0, 7) as
2 s
on(f) =2 [ fysimntar, 1€ 22 0m),
T Jo
Obviously, for all n € N, g, is well defined. Indeed, using Proposition 4 and

inequality (5), we obtain, for every f € £ (0,7), that the function f(t)sinnt
belongs to the space L! (0, 7). Moreover,

9 ()] < 2/; () f(t)] |v~1(t) sinnt| dt

™
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2
< v fllzea IIhnH@N)f <enllfllpan (where  hy (t) = v™" (t)sinnt).

This implies that {g, },,cy is a sequence of bounded linear functionals in £22 (0, 7).
Furthermore, if we write s, (t) = sinnt, n € N, we obtain

In(Sm) = Omn, for every m,n € N.
This finishes the proof. «
From this theorem we immediately obtain the following

Corollary 1. The system of sines {sinnt}, .y is minimal in M5’>‘,0 <A<
1,1 < p < +o0, if conditions (6) are satisfied.

Remark 3. When A =0, conditions (6) must be replaced by the conditions

1 1 11
o, 0y € (——1,+1> and oy € (—,) yfor all k=1,2,...,r—1.
p q P q

The following theorem is proved in a completely similar way.
Theorem 2. Let the weight v (-) be given as in (1). The system {cosnt} is

minimal in L5 (0, 70) if

neNg

The following theorem was proved in [47].

Theorem 3. The system {cosnt}, ., is complete in MEA(0,7),0 < A< 1,1<
p < 400, if conditions

1-X 1-2A 1—Xx 1-A -
p

p
(11)
are satisfied.

In the case of the system of sines the situation changes cardinally. Namely,
in that case we have the following

Theorem 4. Let v () be given as in (1). If: i) (11) holds, then the system
{sinnt}, nis complete in ME™ (0, 7); ii) the relation

1— A 11—\ 1—XA 1-2 -

ao;are(— —1,— +1>,ake[—,—+1>,k—1,r—1,
P P P P

(12)

holds, then the system {sinnt}, . is complete in MJ°, where MJ° denotes the
closure of C§° [0, 7] in L2 (0, 7) norm: MS° = Cge [0, 7).
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Proof. In case i), the proof is quite similar to the proof of Theorem 3, since
in this case £, C ME™ (0, 7), where L = span [{sinnt}nen].

Let us prove the case ii).

Let’s first show that {sinnt}, ., C MJ°. It is enough to show that sin k¢ can
be approximated in L5 (0,7) by the functions from Cg° [0, 7|, where k € N is
any nonnegative integer. Write the function sin £t in the form

sinkt =t(r—t)B(t), te[0,n].
It is clear that ||8],, < +o0. Set Ef = (0,0); E; = (m — 6, 7). We have
. ap+1
Hsmk:tHL,;,A(E;r) <C HtHngj,)\(E;-) < Ot HLPJ\(E;_) — 0,6 —0,

where C' is any constant independent of ¢ (C' is assumed to be different in the
right-hand sides of the above inequality). The last inequality directly follows
from (12). In the same way we show that

||sin k:t||Lm( — 0,6 —0.

E;)
Denote

0,te Ef UE;,
55 (t) :{ Sinkt .t ¢ [O,W?\(EJUEQ :

By taking the convolution of s with the mollifying function we, in the same way
as in i) it can be proved that the function sin k¢ can be approximated by functions
of the form ss * w,, for sufficiently small § > 0 and € > 0. As a result, we get
sinkt € M2°,Vk € N.

Now let us show that the system {sinnt}, y is complete in Mj°. Assume the
contrary. Let there exist a non-zero functional 9* € (MS°)" such that ¥* (sinnt) =
0,Vn € N. We have

P (sin(n+1)t) =0, forall ne€Z,

and
P (sin(n—1)t) =0, for all neZ.

That is, we have
P (sin(n+ 1)t —sin(n—1)t) =0, for all neZ.
This implies that

Y (sintcosnt) =0, for all n € Ny. (13)
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Denote by L. the linear span of the system {sintcosnt}

nENO:
L. = span [{sint cos nt}neNO] .
Assume
r—1
p(t) = [ e — w1 k|t € [0, 7).
k=1

So, if Theorem 4 ii) holds, then we have the inclusions {cosnt}nen, C Lﬁ’A (0,7)
and {w (t) cosnt}nen, C L2 (0,7), where w(t) = t(r—t),t € [0,7]. It fol-
lows immediately from Theorem 3 that the system {cosnt}, .y is complete in
M, 5’)‘ (0,7). First let us show that any function from MS° can be approximated
by linear combinations of the system {sintcosnt}, .y, . It suffices to prove that
an arbitrary function from C§° [0, 7] can be approximated by linear combinations
of the system {sintcosnt}, .y, . Take Vf € C§°[0,7] and put Sy = supp f. We
have
P

L(f—iaksintcosnt>y(t) dtw/[ (F—nz:lakcosnt>u(t)

where F (t) = % The validity of (14) directly follows from the relation

sint~t (m —t) on [0, ].
It is obvious that F € L™ (0, ). Let us show that F € M2 (0, 7). We have

p
dt, (14)

— F(x x)|P dr = fletd) [f) sinzv (x ’ x =
Jir@ro - F@n@ra= [|( L8200 - LD o) 4
B f(x+5)sina:—f(x)sin(:n—l—5)yx P .
_/I < sin (x + 0) ( )> d
= Msinx—sinx T —f(z I/xpw
M Eet (@4 8) + (f(e+0) = 1 @) (o) do
From this relation we immediately obtain
[E (- +0) = F ()llprp
<IF (4 0) = £ Ol + 20005 | LEE cos (a4 3) |

It is clear that
[fC+6)—f(llpn, =0, 60
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On the other hand, since 0;7 ¢ Sy, it is clear that there is a constant ¢y > 0
(depending only on f) such that

f(z+9) ‘
sin (z + 0)

’ f(x+9)
Xs; (x + ) sin (x + 6)

<cpllflle -

Taking this relation into account, from the previous inequality we obtain

|F(-+6)—F() -0, 6§ —0.

Hp,/\;u

Consequently, F' € Mﬁ’A (0,7). Since the system {cosnt}, y, is complete in
M, 5’)‘ (0,7), the function F'(-) can be approximated by linear combinations of the
system {cosnt}, .y, Then from (13) we obtain that the function f (-) can be ap-
proximated by linear combinations of the system {sint cosnt}, . in Mf (0, ).
As a result, we conclude that any function of C§° [0, 7] can be approximated by
the functions of L.. Since C§° [0, 7] is dense in MS°, any function from MS° can
also be approximated by the functions from L£.. From (13) we get J* = 0. The
case ii) is proved, so the proof of theorem is completed. «

Remark 4. For A\ =0, the space E{Z’A (0,7) is reduced to the weighted Lebesgue
space Ly, (0,m). In this case, the system {sinnt}, .y is complete in Ly, (0,7) if
and only if the conditions

1 1
g, 0 € (— — 1,00) and oy € (—,oo) yfor all k=1,2,...,r — 1.
p p

are satisfied. But if we formally put A = 0 in conditions of Theorem 4 then we

see that the numbers {cu}," are bounded from above by 1 — % = %. The authors

were not able to study the completeness of the trigonometric system in £ in

case the order of degeneracy is greater than 1 — 1;%.

Recall that any function f € £5*(0,7) and the weight function v can be
extended to the interval (—m, ) by taking

foU(—t) = —f(t), forte (0,m)
v(t)y=wv(lt]), forte (—m ).

So, we can easily prove that
‘ fodd‘

We now come to the following main result.

L2 () <2 Hf”ggvk(om) : (15)
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Theorem 5. Let v be given as in (1). The system {sinnt}, .y forms a basis for
M2 (0, ) if conditions (10) are satisfied.

Proof. Consider the partial sum operator

Pf(x) = Z (2i fé\dd(n)> sinnz, méeN,
n=1

where

fc/a\dd(n) _ i /7r ded(t)e_mtdt.

Com ),

Then, we obtain

1 —i(m T
—g~imA+1) S(e_(m+1)f°dd)(—:n)+

Prf(@) = g S(e 1 /M) () + o-

27

1 i odd 1 i(m+1)x odd
e Slena @) = e S e 1) @),

where e, (t) = ¢ n € N, and S is the singular operator given as in (8). The
boundedness of the operator S and the relation (15) imply the boundedness of
P, f. That is

HmeHp,)\;u < ch”p,)\;U’

where ¢ is a constant independent of m and f. Therefore

sup | P f ||, n,, <00, for all f€ MP* (0, 7).
m

Using the fact that the system {sinnt}, . is complete and minimal under condi-
tions (10) in Mf’A (0,7) and applying the criteria of basicity, we get the validity
of theorem. <«

Since the basis properties of the system of cosines are similar, with minor
modifications, to those of the system of sines, to avoid the repetition of similar
statements we omit the proof of the next theorem.

Theorem 6. Let v be given as in (1). The system {cosnt}, .\, forms a basis
for ME™ (0,7) if conditions (10) are satisfied.

For the system of exponents, the situation may be simpler than that with
the systems of sines and cosines, so that we can find necessary and sufficient
conditions for the basicity.
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5. The basicity of the system of exponents

Concerning the basicity of the system of exponents in M} A (—m,m), we have
the following

Theorem 7. Let v be given as in (2).
(I) The system {emt}nez is minimal in L5 (=7, 7) if

A—11-2X
ag € p,q—l—)\> , for all k=0,1,...,7;

(1) The system {emt}nez is complete in ME™ (=, ) if conditions (11) are
satisfied;

(III) The system {emt}nez forms a basis for MPA (—m,m) if and only if con-
ditions (10) are satisfied.

Proof. The proofs of (I) and (II) are similar to the proofs of Theorems 1 and
4. Sufficiency of conditions (10) for the basicity of the system of exponents can be
proved as in Theorem 5. So it only remains to prove the necessity of conditions
(10).

Let {en}, ey = {€"™}, o, form a basis for MP? (=, 7). For any f € ME™
(—m, ), there exists a unique sequence of scalars ¢ such that

- 1 " —in
f= Z crer, where ¢, = 277/77 f@®e ™dt, ne€Z. (16)

k=—o00

This implies that

No
> cker = f as Ni,Na—oo (in LB (—m,m)). (17)
k=N,

But, for each couple Ny, No € N, it is evident that 3Cn, n, > 0:

Ny
> eker| < Onywo Ifllyn, » for all f € MDA,

k=N DAV

It follows from Banach—Steinhaus theorem and expression (16) that

N2
> crex S Cfllpay » for all feMP, (18)

k=N DAV
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Here, C' is independent of N7 and No. Let N3 = 0 and No = N. Then (18)

becomes

< Clfllyn, > for all feMP.
DAV

Letting N — oo in (19), we have

oo
> e
k=0

Now, let f(e™) = f(t) and, for all |z| < 1, define

1 1(7) dr.

2 Jip=1 T 2

< Cfllpny » for all f e M,
DAV

F(z) =

Then

1
F . n—ld n
(2) = 2mi Ir|=1 1 — 2T Z 2me /|T -1 T

Taking into account (16), we obtain

1 > . A
9 f(z)T_"_ldT / Z cpeFte M gt
i _

I7[=1 T k=

1 = T
=5 D, Ck/ e k=mtdt = ¢,
Wk:foo -

(19)

(21)

for all n > 0. (Note that we have used the transformation 7 = €% and assumed

that f(e') = f(t)). Consequently

1 oo
F(z) = —
(2) 2 J T — z z_:

(22)

Letting z — € in (22), and applying the Sokhotski-Plemelj formulas, we obtain

F+(eit> — lf(elt) + 1/ f(T) dr.

2 27 |7|=1 T — 6”

From {emt}n ez C Ml’,”A it follows that v € £P* and, consequently

(23)
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1—-X
ay € {—,oo) , VE=0,r. (24)
p

-1
Assume py = 125, and let p%—l—é =1l=gq,= (—% + 1) . Applying Holder’s
inequality, it is easy to establish the validity of the following inclusions:

A
Lp)uy - Eg C ‘Cp?V’

A\
L, wra C (L,Ti ) C L, oafar-

. . . . . by
Similar inclusions are also valid for MY

A
Ep)ul/ C Mll/) - EPW’

*
A
»Cq,yp/q - <M5 ) C »th,j;u/q,\-

Hence it follows immediately that if the system {e™} <z is minimal in MP,
then it is also minimal in £, ,. An arbitrary bounded functional on L, , is
generated by the following expression

<fig>= [ FOGEWP (0 dt, Vf € Loy uiVg €Ly prsan-  (25)

So, the norm || - || in £,, , is defined by

px;v

1l = lF2l, = ( / e dt> 2y

From the relation (25) we conclude that the system biorthogonal to {ei”t}n cz
has the form {e™1 P (t)}nEZ’ and this system belongs to £, »,/4,, if and only

if the inequalities
1 1-A
ap < —=———+1,Yk=0,r, (26)
ax p

are fulfilled. By combining the inequalities (24) and (26) we obtain that the
necessary condition for basicity of the system {emt}n ey 0 M?P A is the following

inequality:
1— 1—
—7/\§ak<—7)\+1,Vk:0,r. (27)
p p
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From the condition (27) it follows for sufficiently small € > 0

<o < —
Py — € Py — €

+1,Yk=0,r, (28)

where py > 1. From (28) it follows that the weight function v (-) belongs to
Muckenhoupt class A,, _.. Then, as it is known (see e.g. [14]), F* € L, _.,,
and, as a result

1 ™ . .
. F+(ezt)€fmtdt — {

2 J_,

Cn, 1f n>0,
0, if n<O,

and also, from the basicity of the system {e?"'},cz for Ly, —c, it follows
oo
F+<ezt) _ chemt_
n=0

This implies
oo

Sf(eit)_l/ f(7) dT:chemt—%f(eit).

- _ it
2mi Jip=1 T —€ =

Using (20), we obtain

1
<

MP,A,V

1
187 1ag ., < 5 W Fllas,, + 1l +C U,

N |

00
§ :Cneznt
n=0

This implies the boundedness of the singular operator S in M2 (—m, ), and so
conditions (10) follow. <«

Remark 5. Problems of proving the necessity of condition (10) for the basicity
of the systems of sines and cosines still remain unsolved.

6. Conclusion

We have presented the basis properties of trigonomertic systems in weighted
Morrey spaces. New techniques have been used in the weighted setting of Morrey
space, which can also be applied to the case of weighted Lebesgue space. Note
that our results are reduced to the basis properties of degenerate systems of sines,
cosines and exponents in the Lebesgue space L, studied by Moiseev [27, 28],
Bilalov and Guliyeva [10], Sadigova and Mamedova [38] and Mamedova [26].
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Indeed, for A = 0, the space Eﬂ”\ is reduced to the Lebesgue space L, ,. The
non-weighted case of Morrey spaces is included. For these reasons, our study is
more general and more comprehensive than the previous works. On the other
hand, the results obtained in this paper can be applied to solve some partial
differential equations by the Fourier method (c.f., [34, 33, 30, 29] in the weighted
Morrey spaces.

Our plan is to extend the results of this work to a more general form of weight
function v. Moreover, the basis properties of perturbed systems of exponents in
weighted Morrey spaces will be part of our ongoing research. This includes the
study of the Riemann boundary value problem in weighted Morrey-Hardy spaces.
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