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On Deficiency Indices of Singular Differential
Operator of Odd Order in Degenerate Case

E.A. Nazirova, Y.T. Sultanaev*

Abstract. Asymptotic formulas for the fundamental system of solutions of a singular
differential equation of the 5th order with complex-valued coefficients are obtained. Us-
ing the obtained formulas, the deficiency indices of the minimal differential operator
generated by the corresponding differential expression are investigated.
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1. Introduction

The following equation is considered:

 (on - (k)
(=" 2™ £ 3 (D8 (el ® )+
k=l

ti f(—l)j [(qj(x)y(j))(j+l) + (o (‘””')yml))(j)} -

Note that the situation when the equation does not contain a term with the
sought function y(x) and its derivatives of lower orders is called degenerate. The
asymptotics for the solutions of degenerate equations was studied earlier in [6, 9].
The asymptotics of solutions of a singular differential equation of odd order was
studied in [7, 1, 8]. However, the degenerate case for the odd-order equation has
not been yet considered.

The aim of this paper is to study the asymptotic behavior of a fundamental
system of solutions of a fifth-order equation with complex coefficients, when the
contribution of the coefficients to the asymptotic formulas are not the same.
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As the model case (n = 2) we consider the equation
ly = 2iy™ + (p2(2)y")" — i[(@1(@)y)" + (a1(2)y")] = (21 (2)y') = ioy, (1)

where 0 # 0 and the coefficients p1(z), p2(z), ¢1(z) are twice continuously
differentiable functions on (0, c0).

Consider the function F(x, o, ), which we will call the characteristic function
for differential expression [y and characteristic equation:

F(z,0,p) = 2ip® + pa(a)u* = 2iqu (2)p® — p1 () p® — o (2)

Let the following conditions be satisfied:

[a—

. p1(x)] = +oo z — o0,
2. p!(x) does not change sign for sufficiently large > x( and:

/ > p(x) "

o 9 (@)

P (x)
n*(@)

—0, x— oo, < +o0,

3. for sufficiently large x: |ph| < Aopipr , |gi| < Alp’lp}ﬂ, where A; o are
positive constants,

2

)

4. for sufficiently large = : [p| < Bopfpl_1 Py < Bopi? | ¢ < Blp’12p1_1/
where By 12 are positive constants,

5. for i,7 = 3,5 there exist positive constants A, B, such that

/Li(l‘a J)

A<
wi(z, o)

< B,

6. for sufficiently large =, Re(u;(z,0)—pi(z, o)) for i, j = 3,5, does not change
sign.

Let’s comment on the conditions (1-5). As for conditions (1,2), these are the
restrictions on the growth of the function p;(x). For example, p;(x) may be the
function z®Infz, 0<a <2, f>0.

The conditions (3,4) are the conditions of regular growth (Titcmarsh-Levitan).
This conditions mean that the coefficients of equation (1) cannot have oscillating
growth at infinity. Condition (5) means that the roots of (2) us(z,0), ua(z, o),
us(z, o) have the same growth at infinity.

Obviously, if conditions (1-5) are satisfied, then the equation F(x,o,u) = 0
has two decreasing roots at infinity pi(z,0), pa2(z, o) and three increasing ones

ps(w, o), pa(w, o), ps(x, 0).
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2. The transformation of equation (1)

Consider equation F(x,0,u) = 0. We note that using the Newton diagram
method (see, for example, [3] ), it is possible to investigate the asymptotic behav-
ior of the roots of this equation in both the main term and the first corrections
of the asymptotic expansion.

By virtue of condition (5) and Viet theorem, the following estimates are true:

B < | 4| < A1, By < |22 < Ay,

/3 1/3

D1 Py

where Ay 9, By 2 are positive constants.
For simplicity, assume

a P2,
2/3 ) 1/3 ’

pl/ pl/

where a,b € R are constants.
Let p = Tpl_l/?’ in (2) and denote £ = |p;|~%/®. Then

G(7) := 2i7° + b1t — 2iar® — 7% = iosign(p1(z))e2. (3)

Carrying out the analysis of the Newton diagram for the given equation, we
obtain two series of roots as x — oc:
o]

7y =\ (1= (~1)T)e 1 ofe), j=1,2

=k +o(l), | =3,4,5, (4)

where k; are different roots of the equation
2ik3 + bk% — 2iak —1 = 0. (5)

Following the Newton diagram method, we obtain the first correction of our
asymptotic expansions:

|;’( (=159 P)i)e — aoe? + o(e?), j=1,2,

Tj =%

=k + 8152 + 0(82), [ =3,4,5,
where )
io

Sl = G/(kl)7

l=3,4,5.
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Then for p;(z,0) we get:

pj(,0) =+ Zj(l-(—l)s“"“”p”i)zn(aﬂl_l/z-aapl4/3(10-%0(p14/3(w)), j=12,
(. 0) = kpy (@) + sipy 7 (2) + o(p; P (2)), 1=3,4,5. (6)
Consider colon vector Y = col(y[o], . ,y[4]), where yl! are quasi-derivatives

of order ¢, defined by formulas

d
ylo =y, ylt) = dfym],
XT
d
s = ey,
X

d p2(x)
B — 5% 2 _ [ _ P2(Z) 9
Y fdxy q(z)y™ —i VoA

B 1 iy ()l — L) f21

The differential expression ly, defined by (1), will become

yl4

d
ly =y —ioy

and equation (1) may be rewritten as a system:

Y' = A(z,0)Y, (7)
where
0 1 0 0 O
0o 0 L+ 0 o0
A= 0 @ Zg 1 9
V2 2 V2
0 —ipy % 0 1
o 0 0 0 O

Transform the matrix A to diagonal form. Find the eigenvectors and eigenval-
ues. We have to check that the eigenvalues of matrix A coincide with p;(z,0), j =
1,5. Consider the equation for eigenvectors:

Let the first component of eigenvector be equal to any scalar function t; 1 = (),
i = 1,5. Then the remaining components of eigenvector will become:

tio = Qifly,
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2
tiz = aiV2u3,
. 2
tia = aV202u} — ipaus — qupi),

tis = a;(2uf —ipopd — 2qup? + ip1i). (8)

Denote C' = T~ !T". Let’s show that a;(z) may be chosen so that the following
conditions hold:

Ciy = 0, 1= 1, d. (9)
To this end, find the inverse matrix T~!(x,0) =: B(z,0) from the equality

BA = AB,
where A = diag{p1,...,us}. We get

ob;s = pibi

q1 .
bi1+ Ebm —ip1bi 4 = pibi2

a,

1 D2
—=b;2 + l?bi,g + NG i4 = [ib;3

V2
1
—=biz = pib;
\/i 3 H 4

bia = pibi 5.

Put b;5(z,0) = Bi(z), 4 =1,5. Then from (9) we obtain that every functions
«a; satisfies the following differential equation (see more [2]):

d dF($707/”'i) ,dF(H?,J,/,LZ')
(i 20 = 0.
b (a dx du +a du
Then 12
dF({L‘, g, MZ) N
i = | ————— . 10
“ [ dp } 10)
Make a substitution in (7):
Y =TU. (11)
We obtain
U' =AU - CU. (12)

Unfortunately, the system (12) is not L-diagonal [2]. Let

U=(+G)Z, (13)
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where I is an identity matrix and the matrix G has the following form:
(3 8)
where GG1 and G2 are the solutions of the following equations:
GiA — MGy =, (14)
GalAy — NG = Cs. (15)
Then we arrive at the system
Z'=(I+G)'A-CO)YI+G)Z—-(T+G)'G'z.
Suppose the matrices A and C have the following forms:
A_</é1 /82>; c_<%1 CO2>+03.
Substituting these representations into the system and considering the properties
of G1 and (G2, we obtain the system

L (I+G) '@ O
7 ( 10 o (I +G2)7'CoG ) ot
+((I+G@) (I +@) - (I+G)'@) 2. (16)

3. Asymptotic formulas for the fundamental system of solutions
of equation (1)

Theorem 1. The system (16) is L-diagonal.

Proof. Consider the asymptotic behavior of the elements of matrices C1, Ca, Cs:

Cij = = L (=P (i) — gy (g + pagi3) + P - (17)
i~ My

First we investigate the asymptotic behavior of the functions «;(x,0), i =1,5:

8F(£7 g, Mz)

N = 104 — 4ipop? — 6q1ps3 + 2ip1pui. (18)
Note that if j = 1,2, then
aF(ZL‘v g, /"L])

o ~ 2ip1pj, T — +oo.
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In the case j = 3,4, 5,

8F(CE, g, :U’j)

o ~ constpiftj, T — +00.

Using (6) and (10), we obtain
/4

aja(x,0) ~ constpl_1 ,

azas(z,0) ~ constp1_2/3. (19)

Using the obtained asymptotic formulas for «; and p; and conditions (3,4), we

get
—2/4 ,

ij ~ constElphpr ! = consttL, i j=1,2, (20)

P h

—4/3 1/3 , /
Cij ~ constplfpépl = CO?’LSt&, i,j = 3,4,5, (21)

pl/ D1

-2/3 —1/4 1/3 , /
Cij ~ constPL 1p/§ 71];12 FL = const 12}1% i=1,2, j=3,4,5 (22)
1 P

Formulas (22) are also true for i = 3,4,5, j = 1,2. So, as the function py(z) is
increasing for  — oo the elements of matrix C 2 are not summable and following
elements of matrix Cs are summable on [zg,c0). From the formulas (6,20,22) we
get the following expression for the elements of matrix G for i,j = 1,2, x — oo:

(Ch);5(z,0) N constpﬁ(iﬂ) L st p1()
pi(z, o) — pj(z,0) p1(x) pr % () /% (2)

gij = -0,

and for 7,5 = 3,4,5, x — oo:

(Cylwo) o ph@) 1

,u’i(l'a 0‘) — ,uj(ZE, O') pl(x) pi/3($)

= const Pi(2) = 0( Py () ) — 0.
)

pi? () p/?(x

Consider y;(x,0), c};(x,0), af(x,0),i,j = 1,5. From the identity F(z, 0, y;(z,0)) =
0 we have

gij(z) =

oF oOF
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We have p:
d:ui (:Ev U) _ aF("Ev g, N%)/aw (23)
dx B aF(:E7O-> :ul)/al'b
Consider
aF($7 g, Mz)

- 3., .02
o Py — 21145 + 1P g
Given the conditions 3) and (18) :
;o —iphut = 2qipd +iphp?  ph A
:ui_ 4 . 3 2 . = Hi—, 7/—].,5. (2 )
10p; — dipopsi — 6qupi + 2iprp -~ pa

Consider the functions o/(x, o). From (10) it follows

OF (z,0,1:)] % 0 0
4 1/ | = ) —~_F i
al(x7 O‘) / |: au 8:6 8/,L (l’, U? /’L )7
o O ' p/ q/ .
——F ) = 2ipph (=222 uF — 65 + 1) = 2ipp) (1 + o(1
9 0p (,0, i) = 2ipip; ( Pt O m +1) = 2ipp1 (1 + 0(1)),
therefore

ol(x,0) ~ —ipha;Pp;, i =T1,5. (25)
Investigate the asymptotics of the function (Ci72)@'j Consider just the element
c}5 (for others are treated similarly).

ajag + ajan )
Cla ﬁ [—ph(p1p2)? — iqh (B3 p2 + pap3) + pipape] +

aro(py — ) ,
+(M1——1/~L2)22 [—ph(p1p2)® — iqy (Hipe + pap3) + phpapse] +

Q102 .
[—plzl(/ﬂlm)Q - ZQ{’(M%M + ,um%) +p’1’M1M2] +
M1 — 2
a1

_'_

PR (=205 (13 1) — gy (uipe + papd) + P (pap2)'] -
Substituting the obtained asymptotics (6,19-22,24,25) in last formula, we get

/2
Clo = const}%(l +o0(1)). (26)
P1

The similar formulas are true for ¢;;, 4,7 =1,2, and 7,5 = 3,4,5.

ol () = (Cr2)ij(xo) 1 ey clmi— )
" pi(z,0) — pj(x, o) pi —pg o (i — pg)?
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Py
1/2°
p2py/

It follows from condition 2) that G’ € L[zg,00). Also (I + G1)"1C1Gy, (I +
G2) 102Gy, (I+G)1C3G and (I+G1)71GY, (I+G2)~1GY belongs to L]xg, 00).
We rewrite the system (16) in the form

= const

Z/ = diag{,ul, ) M5}Z =+ @(‘/Ev O)Z

We make a substitution

Z = Wemp/ wi(t, o)dt. (27)
o
Then .
Wi = (k= p)We+ Y OpmWim, k=15 (28)
m=1

According to condition (6) and formulas (6), Re(u; — ;) does not change sign
for sufficiently large x for all 4, j: i # j, 4,7 = 1,5. All this means that for system
(28) all the conditions of Lemma 1 of [2, p. 288-292], are satisfied. Applying this
Lemma and getting back to the old variable Y, we obtain asymptotic formulas
for a system of linearly independent solutions.

Thus, we have proved

Theorem 2. Suppose that conditions (1-6) are satisfied. Then equation (1)
has 5 linearly independent solutions yi(x, o) such that the following asymptotic
formulas hold as x — oo:

xX
yj(z,0) = aj(:r,a)eacp/ wi(t,o)dt(l+o(1)), i=1,5. (29)
Zo

To derive the asymptotic formulas for solutions y;(x, o) and ya(x, o), we used
the method proposed in [4] and [5].

Asymptotic formulas (29) enable us in some cases to solve the problem of
deficiency indices of the minimal differential operator Ly generated in L?[xq, o)
by the differential expression (1).

4. On the deficiency indices of the minimal differential operator
Ly, generated by the expression [y

Consider the following example. Let

o a/3

p1($) =cr, p2= bx ; QI(x) = axZoz/B’

c>0, O<a<?2
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We note that for such coefficients the conditions (1-5) are satisfied. We study
the question of the deficiency indices of the corresponding minimal differential
operator L.

We first consider a series of solutions (1) corresponding to decreasing roots of
the characteristic equation (2). From (6), (19) and (29) we have

o]

(e, 0) = £/ 5 (1 - (—1)519m(@) ) z=/2 4 o(z—o/2),

aja(x,0) ~ consta ™%,

yiz(x, o) = const:v_o‘/ze:cp/ p12(t,o)dt(1+ o(1)).

o
The integral
o0
/ (=2 4 o(t~/?))dt
o
in this case diverges (a < 2). Note that for any sign of o, the real part of the
principal term of the asymptotics for p o is positive, while for the other, it is
negative. Thus, one of the solutions y; o belongs to L?[zp,00), and the second
does not.
We next consider a series of solutions of (1) corresponding to the growing
roots of equation (2). From (6), (19) and (29) for j = 3,4, 5:

(0, 7) = hja®l3(a) + i3~ (0) + o100,

aj(z,o) ~ consta™2/3,

yJQ(x, o) = constx4a/3exp/ wi(t, o)dt(1 4 o(1)).

0

We note that for 3/4 < a < 2 the integral

/ (t—4a/3 + O(t—4a/3))dt
z

0
o0
/ /3 dt
zo
diverges.

Let us first consider the case 3/4 < o < 2. The constants k; are determined
from the equation (5):

converges and the integral

2ik3 + bk? — 2iak — 1 = 0.
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Let’s make the substitution k = ir:
2r3 — br? + 2ar — 1 = 0. (30)

The last equation is the one with real coefficients, which can have one real
and two complex conjugate roots or three real ones (the case of multiple roots is
chosen in view of condition (6)). First, let the equation (30) have three real roots
rj, j = 3,4,5. Then k; = ip; and

yf-(x,a) ~ constz /3 ¢ Llzg,00), j=3,4,5,

so the deficiency indices of the operator Ly in this case are (4,4).
If the equation (30) has one real root rs and two complex conjugate roots
ra,5 = 0 £ 147, then

ks =irs, y2(z,0) ~ constz /3 € L[xg, )

k4,5 =Fv+ 157 yi(xao-) € L[CL’(),OO), y?)(l’,(f) ¢ L[.CE(), OO)

Obviously, in this case the deficiency indices of the operator Lg are (3,3).
We proceed further to the second case, where 0 < o < 3/4. In this case the
integral

/ (t74a/3 + O(t74a/3))dt
z0

diverges. The defect indices of the operator Ly will depend on the real parts of
the constants s;, j = 3,4,5. We recall the formula for s;, j = 3,4,5:
10

sj = Gl j=3,4,5. (31)
Suppose that the equation (30) has three real roots. Then the constants k;, j =
3,4,5 are imaginary, and the s;’s, j = 3,4,5 are real. We note that from the
formula (31) and the properties of the derivative of a polynomial at its zeros it
follows that either two constants s;, j = 3,4,5 are positive and one is negative,
or one positive and two negative. This means that the defect indices of Lg in this
case are (2,3) or (3,2).
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