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The Existence of Solutions to Boundary Value
Problems for Differential Equations of Variable
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Abstract. In this paper, we discuss the existence of solutions to a boundary value
problem for differential equations of variable order. Our results are based on the Schauder
fixed point theorem. Some examples are given to illustrate the effectiveness of our results.
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1. Introduction

In this paper, we consider the existence of solution to boundary value problem
for differential equation of variable order

{ Dgg)x(t) = f(t,z(t)), 0<t<T, (1)
2(0) =0, z(T) =0,

where 0 < T < 400, Dgg:) denotes derivative of variable order defined by

' 2 tt— g 1—q(t)
Dgﬁx(t):% /0 Mx(s)ds, t>0, 2)
and
729 (t)_/t(t_s)l_q(t) (s)ds, t>0 (3)
A O

denotes integral of variable order 2 — ¢(t), 1 < ¢(t) <2,0<t<T.

*Corresponding author.
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The subject of fractional calculus has gained considerable popularity and im-
portance due to its frequent appearance in different research areas and engineer-
ing, such as physics, chemistry, control of dynamical systems, etc. Recently, many
people paid attention to the existence and uniqueness of solutions to boundary
value problem for fractional differential equations, such as [1-4].

The operators of variable order, which fall into a more complex operator
category, are the derivatives and integrals whose order is the function of some
variables. The variable order fractional derivative is an extension of constant
order fractional derivative. In recent years, the operator and differential equations
of variable order have been applied in engineering more and more frequently (for
the examples and details, see [5-20], [22], [24-27]).

Although the existing literature on solutions of FBVPs is quite wide, few pa-
pers deal with the existence of solutions to BVPs with variable order. According
to (1), (2) and (3), it is clear that when ¢(¢) is a constant function, i.e. ¢(t) = ¢
(¢ is a finite positive constant), then Igf), Dgg:)
fractional integral and derivative [21].

The following properties of fractional calculus operators Dg s Ig + Dplay an
important part in discussing the existence of solutions of fractional differential
equations.

are the usual Riemann-Liouville

Proposition 1. [21] The equality I3, I3, f(t) = Igfsf(t), v > 0,0 > 0 holds for
f€L(0,0),0<b< +oo.

Proposition 2. [21] The equality Dj, Ij, f(t) = f(t), v > 0 holds for f €
L(0,b),0 < b < +o0.

Proposition 3. [21] Let 1 < o < 2. Then the differential equation
Dg,u=0
has a unique solution
u(t) = e t* 4 et 2 1, c0 € R.

Proposition 4. [21] Let 1 < a < 2, u(t) € L(0,b), D§, v € L(0,b). Then the
following equality holds

I§, DG u(t) = u(t) + 1t P et 2. ¢1, 09 € R.

A key point is whether the above properties of fractional calculus operators
remain true for the operators of variable order.
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Let’s consider Proposition 1 for example. To begin with the simplest case, we
let f(t) =1,t € [0,T] and calculate Ig_(:)fgit)f(t).
According to (3), we have

t t)—1 s
(t) ra(t) B (t— s)p( ) (s—7
O G A
(t)

)
(

_ t(t_s)ptfl S(S_T)qsflTS

_/0 00 /0 (s

And secondly, we have

ﬁUHﬂQﬂw:i/tﬁsyﬁH“WJ (s)ds = p(t)+a()
" o T +a0))

Thus, for f(t) = 1, we can obtain

0180 ) = 107 p o),

if

P et g = BE®)90) + 1) g
/Or(l-i-Q(tT’))(l ) S TR R

However, we can’t assert that the above equality is true.
What we can get is

1 b a0,a0 (1 pyp-1g,. _ BE®),a(t) +1) 4
e Jy = S e

Therefore, for general functions p(t), ¢(t) and f(t), we have

018D (1) # OO p ), (4)

In particular,for general functions 0 < p(¢) < 1 and f(t), we have

Ig_(:)fé;p(t)f(t) 4 I(I)’_(:)-l-l—p(t)f(t) _ Ié+f(t)-

The following example illustrates that inequality (4) is valid.
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Example 1. Let p(t) =t, f(t) =1, 0<t <6 and the function q(t) be defined
by

Now, we calculate Igﬁ:)lg_(f)f(t)h:g and Igf)+q(t)f(t)|t:3 defined by (3).
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So, we have

2 (a _ \3—1.% 30 _ A3=1 s (e \1-1
YT £ (1) / B8 se o) / (35 / (5= 1) 1rds
0 2 0

On the other hand, we get
3 (3 — 3)p(3)+q(3)71

p(t) q(t) =
I F ()= —/0 I'(p(3) + q(3))

3 (3 o 8)3+1—1
:/0 DR

f(s)ds



26 S. Zhang, L. Hu

27
= — =3.375.
8

Obuviously,

IOTE F(t)]ims # IO ()]s

Now, we can conclude that Propositions 1-4 do not hold for D3§f’ and Igsf).

So, one can not transform a differential equation of variable order into an
equivalent interval equation without the Propositions 1, 2, 3 and 4. It is a difficulty
for us in dealing with the boundary value problems for differential equations of
variable order. Since the equations described by the variable order derivatives
are highly complex, difficult to handle analytically, it is necessary and significant
to investigate their solutions.

In [22], the authors study the Cauchy problem for variable order differential
equations with a piecewise constant order function. In this paper, we study
the boundary value problem (1) for variable order differential equations with a
piecewise constant order function ¢(t).

The paper is organized as follows. In Section 2, we provide some necessary
definitions associated with the problem (1). In Section 3, we establish the exis-
tence of solutions for (1) by using the Schauder fixed point theorem. In Section
4, some examples are presented to illustrate the main results.

2. Preliminaries

For the convenience of the reader, we present here some necessary definitions
that will be used to prove our main theorems.

Definition 1. A generalized interval is a subset I of R which is either an interval
(i.e. a set of the form la,bl, (a,b),|a,b) or (a,b]); a point {a}; or the empty set
0.

Definition 2. Let I be a generalized interval. A partition of I is a finite set P
of generalized intervals contained in I, such that every x in I lies in exactly one
of the generalized intervals J in P.

Example 2. The set P = {{1},(1,6),[6,7),{7},(7,8]} of generalized intervals
is a partition of [1,8].

Definition 3. [22, 23] Let I be a generalized interval, f : I — R be a function,
and P be a partition of I. f is said to be piecewise constant with respect to P if
for every J € P, f is constant on J.
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Example 3. The function f : [1,6] — R defined by

3, 1<x<3,

4, x =3,
flx) =

9, 3 <z <6,

2, =06,

is piecewise constant with respect to the partition {[1,3),{3},(3,6),{6}} of [1,6].

3. Main Results

We need the following assumptions:

(Hy) Let P = {[0,T4], (T1, T2, (T2, T3], -+ , (Tn—1,T]} be a partition of the
interval [0, T, and let ¢(t) : [0,7] — (1,2] be a piecewise constant function with
respect to P, i.e.

q1, OStST]J

N
q2, Th <t <1y,
ot) =Y a()=q" "~ (5)
k=1 ) ’
gnN, TN—1<t§TN:T7
where 1 < g, <2 (k=1,2,---,N) are constants, and I is the indicator of the

interval [Ty—1,T], k = 1,2,--- | N (here Top = 0,7y = T), that is, I(t) = 1 for
t € [Ti—1,Tk] and I;(t) = 0 for elsewhere.

(Hs) Let t"f : [0,T] x R — R be a continuous function (0 <r < 1).

(H3) There exist constants ¢; > 0,¢o > 0, 0 < 7 < 1 such that

tftz) < e +ez]”,0<t<T,z€R
(Hy4) There exist constants d; > 0,dy > 0 satisfying

Iy

d 4
2S AT

such that
t"|ft,x)| < dy +deo|x|, 0<t<T,x€R,

where

T* — maX{Tl_T,TQ_T},I‘q =min{l'(1—r+aq),[(1-r+q), - , T(1—r+aqn)}
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(Hs) There exist constants ey > 0,e3 > 0, p > 1 satisfying

derl (1= )" _ T, =
r, desT(1 — )T ’

such that
Ulf(ta) S et tesfaft, 0<t<T,ze€R

In order to obtain our main results, we first carry out essential analysis of

(1).

According to (H;), we have

E(t— 5)tma® - N T
/0 Waz(S)ds = ;Ik(t)/o T2 - ) x(s)ds.

Then, the equation (1) can be written as

2N bt — s)lmar
— I (t —_— ds = f(t,x(t 0<t<T. 6
3 (0 [ g sas)ds = f(ta). 0<t< (©
Moreover, equation (6) in the interval [0,77] can be written as
DEl x(t) = f(t,z(t), 0<t<T. (7)
Equation (6) in the interval (77, 75] can be written as
d? [t (t—s)Te
- A — ds = f(t T t <T:
dt2/0 F(2_q2) l‘(S) s f( 7x)a 1<1l< 12, (8)

and equation (6) in the interval (7%,73] can be written as

A2 [t (t— )T d
- = = f(t Ty <t <Ty. 9
dt2 0 F(Q—q3) IE(S) S f(a$)7 2 <ts 13 ()
In the same way, equation (6) in the interval (73, Tjt+1], @ = 3,4,--- ,N — 2 can
be written as

d? t (t _ S)I_Qi+1

dt2 0 F(2 — qi+1)
As for the last interval (Tn_1,7], similar to above argument, equation (6) can
be written as

z(s)ds = f(t,x), T; <t <Tjq. (10)

72 ti(t 8)1 ’ X ds = | X N T 11
s)as t, s <t<T.
dt? 0 F(2 QN) ( ) ( ) N-1 ( )

Now, we present definition of solution to problem (1), which is fundamental
in our work.
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Definition 4. We say the boundary value problem (1) has a solution, if there exist
functions u;(t),i = 1,2,--- , N such that u; € C[0,T1] satisfying equation (7) and
u1(0) = u1(T1) = 0; ug € C[0, T3] satisfying equation (8) and uz(0) = ua(T2) = 0;
ug € C[0,T3] satisfying equation (9) and uz(0) = uz(T3) = 0; u; € C[0,T]
satisfying equation (10) and u;(0) = w;(T;) =0(i =4,5,--- ,N—1); uy € C[0,T]
satisfying equation (11) and un(0) = un(T) = 0.

Theorem 1. Assume that conditions (Hy) — (Hs) hold. Then problem (1) has
one solution.

Proof. According to above analysis, equation of problem (1) can be written
as equation (6). Equation (6) in the interval [0,77] can be written as

Dg. x(t) = f(t,z(t)), 0<t<Ti.

Applying the operator Igi to both sides of the above equation, by Propositions
1—4, we have

1
F(Ql)

By z(0) = 0 and the assumption on function f, we get co = 0. Let x(t) satisfy
x(T1) = 0. Then we get ¢; = —Igjrf(Tl,:c)Tllfql, We have

t
z(t) = et 4 et 4 / (t —s)1 1 f(s,2(s))ds, 0<t<Ty.
0

2(t) = — I8 f(Ty, o) 0~ 4 I8 f(t2(t), 0<t<T.
Define the operator T : C[0,T1] — C[0,T}] by
Ta(t) = —I f(Th, )T P2~ + I8 f(t,2(t), 0<t<Th. (12)

It follows from the properties of fractional integrals and assumptions on function
f that the operator T": C[0,T1] — C0,T1] defined in (12) is well defined. By the
standard arguments, we can verify that T': C[0,71] — C[0,T}] is a completely
continuous operator.

Let 1 = {z € C[0,T1] : ||z|| < R1} be a bounded closed convex subset of
C'0,T1], where

1
4e;TT(1 — 4esTHT(1 — I—
Rlzmax{ cily ( 7“),< coTy ( 7")) ”}‘
Fl4+q —r) Fl4+q —r)

For x € Q; and by (Hs), we have

T]-*QItql—l
Tz(t) < =

T
- —8) 1 f(s, 2(8))|ds
< s [ @9 st
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1 t
+ t — )Y f(s, x(s))|ds
o [ =9 st
2 /Tl(T )1 f(s,2(s))|d
< —5§)1T s, (s S
= T o
2 n T q1—1 \d
< E——— — )17 57 (e + colx(s 5
o [ @9 e k(o)
or(1 — )T "
< Y
< T ald)
2(1 —r)T " -1
< Y
S F(1—|—q1—r) (Cl—f‘CQRlRl )
Ry R
< R Rk
>~ 9 + 9 Rl)

which means that 7'(21) C ©;. Then the Schauder fixed point theorem assures
that the operator T" has one fixed point x1(t) € 21, which is a solution of equation

(7).

Also, we have obtained that the equation (6) in the interval (7%, 7T5] can be
written as (8). To consider the existence of solution to (8), we may discuss the
following equation defined on interval [0, T3] :

2t N\l—go
5252/0 (17:(28_)Q2q)$(5)ds = Dgix(t) = f(t,x), 0<t<Tn. (13)

It is clear that if function z(t) € C|0, T3] satisfies equation (13), then x(t)
must satisfy equation (8). In fact, if z € C[0,T5] with z(0) = z(T2) = 0 is a
solution of equation (13), then

d2 [t (t—s)l-®
— —————x(s)ds = f(t,x), 0<t<T5.
7 ) Ty e = ) :

As a result, we have z(t) € C[0, Ts] with z(0) = x(T2) = 0 satisfying the equation

d2 t (t _ S)lfqg

- v = f(t T <t<T
dt2 0 F(2—QQ) $(S)d5 f(?x)a 1_t_ 2

which means the function z(t) € C|0, T3] with 2(0) = 2(73) = 0 is a solution of
equation (8).
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Based on this fact, we will consider the existence of solution to equation (13)
with the conditions x(0) = x(7%) = 0. Applying operator I to both sides of
(13) and by Propositions 1 — 4 , we have

1
['(q2)

t
z(t) = et 4 ept®72 4 / (t — )27 f(s,2(s))ds, 0<t<To. (14)
0

By 2(0) = 0 = (%), we have co = 0 and ¢; = _Igif(TQ,fC)T;_qQ.
Define the operator T : C[0, 2] — C[0,T»] by

1
['(q2)

Ta(t) = — I f(Ty, o)) Ty 2 4 (/%t—SVTfﬂ&x@»d&
0

It follows from the continuity of functions t" f(t,x(t)) that the operator T :
C[0,T5] — C[0,T>] is well defined. We note that 7' : C[0,T5] — C[0,T3] is a
completely continuous operator.

Let Q9 = {z € C[0,T3] : ||z|| < Ra} be a bounded closed convex subset of
C0, T3], where

" {401F(1 —)TET <4C2r(1 - r)TgH> 1-17}
= 1m. .
2 T(1+qy—7) T(14+q—r)

For x € Q9, by (Hs), we get

Ta(t)] < fﬂiﬁflAnaa—@%1w@w@»us
b [ =9 s (o) s
<t [ @G atelas
< r(2q2) /O BTy eyl (o 4 eala(s))ds
< 2?8 ; Z:Cgr) (c1 + caRyR} ™Y
< B B
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which means that T'(Q2) C Q2. Then the Schauder fixed point theorem assures
that the operator T has one fixed point x(t) € Qq, that is

2o(t) = —IE f(Ta,x9) T, “t271 4

/t(t —8)27 1 f(s,29(5))ds, 0 < t < Ty.
0

(15)
Applying operator D% to both sides of (15), by Proposition 2, we can obtain
that

['(q2)

Dgil'Q(t) = f(t, .132), 0<t< Ty,

that is, xo(t) satisfies the following equation

d? 1 ¢ 1

— t—s8)  Pay(s)ds = f(t,x0), 0<t<Ts.

T ), =9 (s = [t 0<t<T

From the previous arguments, we know that x5(t) € Q9 satisfies equation (8).
Again, we know that the equation (6) in the interval (T3, T3] can be written

as (9). In order to consider the existence of solution to equation (9), we may

investigate the following equation defined on interval [0, T3] :

d2 t (t _ S)lfq[;

i/, F(27_(13):[;(5)@ =DP a(t) = f(t,x), 0<t<Ts (16)

From the previous arguments, we note that if function z(t) € C|0, T3] satisfies
equation (16), then z(t) must satisfy equation (9). Now, we will consider the
existence of solution to equation (16)with the boundary condition z(0) = 0 =
x(T3).

Applying the operator I} to both sides of (16), by Propositions 1 —4 , we
get

z(t) = cit® ! + et ® 2 4

t — 8)B7L (s, 2(s))ds )
F(q3)/0(t )BT f (s, (s))ds, 0<t<Ty

By z(0) = 0 = x(T3), we get o = 0 and ¢; = I f(T3,2)T; “.
Define the operator T : C[0, T3] — C[0, T3] by

Ta(t) = — I f(Ts, )Ty B84

1 /t .

t—s8)B 7 f(s,x(s))ds, 0<t<Ts.
o [ =9 ()
It follows from the continuity of functions " f(t,z(t)) that the operator T :
[0, T3] — C[0, T3] is well defined. Furthermore, we can obtain that 7" : C[0, T3] —
C0, T3] is completely continuous.
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Let Q3 = {x € C[0,T3] : ||z|| < Rs} be a bounded closed convex subset of
C10, T3], where

4, T(1 — P)TE ™" (AeD(1 — r)TEB "\ 7
M'(l1+g3—1) M'(l1+g3—r) '

For x € Qg3, by (H3), we have

Rs = max{

T3
(0] <grs [T 9P s al) s
2 o g3—1.—r Nds
St [ B e el

20(1 — )T "

< RsR]™!
STitg-n @tell)

<7+7:R37

which means that 7'(Q23) C Q3. Then the Schauder fixed point theorem assures
that the operator T" has one fixed point z3(t) € Qg3, that is,

t
x3(t) = —Igif(Tg,wg)T;_q3tq371+ / (t—s)B71f(s,23(s))ds. 0<t<Ts,
0

(17)
Applying the operator D% to both sides of (17), by Proposition 2, we can obtain
that

I'(g3)

DE x3(t) = f(t,xz3), 0<t<Ts,
that is, x3(t) satisfies the following equation
d21/t(t—s)1_q3x (s)ds = f(t,3(t)), 0<t<T
A2 T2~ g3) Jo R o

From the previous arguments, we know that x3(t) € 23 satisfies equation (9).
In a similar way, we can obtain that the equation (10) defined on [T;_1,T}]
has solution z;(t) € Q; with z;(0) = x;(T;) =0, i =4,5,--- , N — 1, where

- L
R; = max { 4l — )T T7 <462F(1 — )T T) T— }
P +g—r) F(1+gq —r)

Similar to the above argument, in order to consider the existence of solution to
equation (11), we may consider the following equation defined on interval [0, 7] :

A

a2 ), mm(s)ds = Dglx(t) = f(t,z), 0<t<T. (18)
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From the previous arguments, we know, if function z(t) € C[0,T] satisfies
equation (18), then z(¢) must satisfy equation (11). Now, we consider the exis-
tence of solution to equation (18) with boundary conditions z(0) = 0,z(T") = 0.
Applying the operator Igi to both sides of (18), by Propositions 1 — 4 , we have

o(t) = eyt 4 etV 4

t
t— )W (s, x(s))ds, 0<t<T.
o | = sas)
By conditions z(0) = 0,z(T") = 0, we obtain ¢; = 0 and ¢; = —I{Y f(T,z)T' 9.
Define the operator T : C[0,T] — C[0,T] by

t
Tax(t) = —I3Y f(T, g)Timavgan =1 1/ (t — )N "L f (s, 2(s))ds.
L(qn) Jo

It follows from the continuity of functions " f(t,z(¢t)) that the operator T :
[0,T] — C]0,T] is well defined. By the standard arguments, we can obtain
that T': C[0,T] — C0,T] is completely continuous.

Let Qn = {z € C[0,T] : ||z|| < Ry} be a bounded closed convex subset of
C[0,T], where

1
4eaT(1 —r)TINTT <402F(1 — r)TQN_’"> 17}
Ry = .
N max{ T(1+qy—7) T(1+qy—r)

For z(t) € Qn, by (Hs), we have
OT(1 — 7)TIN—T

T < -t
|Tx(t)] < N (c1 + c2RNRY )
Ry Ry
=5 T~

which means that T'(2x) C Qx. Then the Schauder fixed point theorem assures
that the operator T' has one fixed point xy(t) € Qn, that is,

xN(t) = —Igﬁ (T, QTN)Tl_thqN_l +

' _SQN—l 5. s 5
F(QN)/Q(t )INTLf (s, 2N (s))ds, 0 < t < T.

Applying operator Dgi to both sides of the above equation, by Proposition 2, we
can obtain that
D¥xn(t) = f(t,zn(t)), 0<t<T,

that is, zy(t) satisfies the following equation

2 t
C;;F(Qiq]v)/o (t—s)'"™an(s)ds = f(tan(t)), 0<t<T.
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From the previous arguments, we know that xx(t) € Qu satisfies equation (11).
As a result, we know that the problem (1) has a solution. Thus we complete
the proof. «

Using similar arguments, we can obtain the following results.

Theorem 2. Assume the conditions (Hy),(Hs) and (Hy) hold. Then problem
(1) has one solution.

Proof. The proof is similar to that of Theorem 1. By (H;), we obtain that
the equation of problem (1) can be written as (6). And, (6) in the interval [0, T} ]
can be written as (7).

Applying the operator I{ to both sides of (8), by Propositions 1 — 4, we have
that

x(t) = cpt? ™ 4 oeptt 2 4

t
t— )1 f(s,2(s))ds, 0<t<T.

o [ = )

We will consider the existence of solution z(t) defined on [0, T}]. By the boundary

condition x(0) = 0 and the assumption on function f, we get co = 0. Setting

x(T1) = 0, we have ¢; = —I§, f(T1, )T, ™. Then, we have

2(t) = I8 f(Ty,2)T 0~ 4 I8 f(t,x), 0<t<T.
Define the operator T : C[0,T1] — C[0,T}] by
Tx(t) = —I8 f(Ty,2)T) "0~ 4 I8 f(t,2), 0<t<T.

It follows from the properties of fractional integrals and assumptions on function
f that the operator T : C[0,71] — C]0,T1] is well defined. By the standard
arguments, we can verify that 7' : C[0,71] — C10,T1] is a completely continuous
operator.

Let Q1 = {z € C[0,T1] : ||z|| < R1} be a bounded closed convex subset of
C[0,T1], where
4d;T(1 — 7)T*

Ry >
1 Pq

For x € Q, by (H4), we have

PP Lot

- Fl4+q —r)

o(1 — )70
Fq

(dl + dle)

IN

(d1 + dQRl)



36 S. Zhang, L. Hu

2I'(1 — r)T™

< (di + d2Ry)
L'y
Ry Ry
> 7 + 7 - R17

which means that 7'(€21) € ©;. Then the Schauder fixed point theorem assures
that the operator T' has one fixed point z1(t) € €, which is one solution of
equation (7).

Equation (6) in the interval (77,7%] can be written as (8). In order to dis-
cuss the existence of solution to equation (8), we consider the following equation
defined on interval [0, T3]

2t g\l
jtzfo (Iiejqz)x(s)ds = D@ x(t) = f(t,z(t), 0<t<Tn. (19)

We see that if function z(t) € C[0, T»] satisfies equation (19), then z(¢) must

satisfy equation (8). In fact, if x € C[0, T3] with z(0) = x(72) = 0 is a solution
of equation (19), then

d> [t (t—s)l-®
— —————x(s)ds = f(t,x), 0<t<T5.
o [ el = st 2

As a result, we obtain that z(t) € C[0,T5] with (0) = 2(T2) = 0 satisfies

d2 t (t _ S)I_QQ

— —_— ds = f(t W <t<T
dt2 0 F(z_q2) IL‘(S) s f(?x)a 1 >0 =12,

which means that z(t) € C[0, T3] with 2(0) = z(T2) = 0 is a solution of equation
(8).

Next, we will consider the existence of solution to equation (3.15) with con-
ditions z(0) = 0 = z(T3).
Applying operator I{ to both sides of (19), by Propositions 1 —4 , we have

1
['(q2)

By conditions (0) = 0 = (T) = 0, we have ¢ = 0 and ¢ = —I2 f(Th, 2)T, “.
Define the operator T : C[0, T2] — C[0,T»] by

t
z(t) = et 4 ot ¢ / (t—s)2 1 f(s,2(s))ds, 0<t<T.
0

Tx(t) = I f(To,2))T, “t2~ 1y

! t —5)27 (s, 2(s))ds
r(qQ)/U(t )2 f(s,2(s))ds,  0<t<Th.
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It follows from the continuity of functions " f(t,z(¢t)) that the operator T :
C10,T3] — C|0, T3] is well defined. Moreover, we can obtain that 7" : C[0, T3] —
([0, T3] is a completely continuous operator.
Let Qo = {z € C[0,T3] : ||z]]| < Rz} be a bounded closed convex subset of
C[0,Ts], where
4diI'(1 —r)T™
R2 > &
Ly
For x € Q9, by (H4), we have

(1 — )T
F'l4+g2—r)

2I'(1 — )T
ST 4y dyRy)

Ta(t)] <>

(dl + ngz)

which means that 7'(Q2) C Q2. Then the Schauder fixed point theorem assures
that the operator T' has one fixed point z5(t) € Q2. By the same arguments as
in the proof of Theorem 1, we obtain that x2(t) € Q satisfies equation (8).

In a similar way, we obtain that equation (10) defined on [T;_;,7;] has a
solution z;(t) € C[0,T;] with x;(0) = z;(T;) =0, i =3,4,--- ,N — 1.

Equation (6) in the interval (Tn_1,7] can be written as (11). In order to
consider the existence of solution to equation (11), we may consider the following
equation defined on interval [0, 7] :

T

i |, Wm(s)ds = DiYx(t) = f(t,z(t), 0<t<T. (20)

From the previous arguments, we know, if function x(t) € C|[0,T] satisfies equa-
tion (20), then z(¢) must satisfy equation (11). Based on this fact, we will consider
existence of solution to equation (20) with boundary conditions z(0) = 0, z(7T") =
0

Applying the operator I§} to both sides of (3.16), by Propositions 1 —4 , we have
1 t
z(t) = it L et T2 4 / (t—s)W1f(s,z(s))ds, 0<t<T.
L(an) Jo

By z(0) = 0,2(T) = 0, we have ¢; = 0 and ¢; = — I f(T, )TN,
Define the operator T': C[0,T] — C[0,T] by

_ _ 1 ! _
Ta(t) = —IgY f(T,2)T' NN~ 4 F(QN)/O (t —s)IN"1f(s,z(s))ds, 0<t<T.
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It follows from the continuity of functions " f(t,z(¢t)) that the operator T' :
[0,T7] — C]0,T] is well defined. By the standard arguments, we can obtain
that T : C[0,T] — C]0,T] is completely continuous.

Let Qn = {z € C[0,T] : ||z|]| < Rn} be a bounded closed convex subset of
C10,T], where
_ 4diD(1 = )T

R
N T,

For x € Qu, by (H4), we have

OT(1 — )TN~

Tx(t) < di + doR
| x()|_F(1+qN—r)(1 2RN)
2001 — m)T™
<D G 4 dyRy)
Fq
Ry Ry
<IN BN

which means that T'(Qx) C Qn. Then the Schauder fixed point theorem assures
that the operator T" has one fixed point zx(t) € Qy. By the same arguments as
in the proof of Theorem 1, we obtain that zy(t) € Qn satisfies equation (11).

As a result, we conclude that the problem (1) has a solution. Thus we com-
plete this proof. «

Theorem 3. Assume that conditions (Hy),(Hz2) and (Hs) hold. Then problem
(1) has one solution.

Proof. This proof is also similar to that of Theorem 1. Equation of (1) can
be written as (6). And, equation (6) in the interval [0,77] can be written as (6).
Applying operator I{ to both sides of (7), by Propositions 1 — 4 , we have

t
z(t) = et gt 4 / (t— )1 f(s,2(s))ds, 0<t<TI.
0

N
We will consider the existence of solution z(t) defined on [0, T}]. By the boundary
condition z(0) = 0 and assumption on function f, we get ca = 0. Let z(11) = 0.
Then, ¢; = —Igif(Tl,w)Tllfm.

As a result, we have

o(t) = 1§ f(Ty, )T "0+ I8 f(t,x), 0<t<Ti.
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Define the operator T : C[0,T1] — C[0,T1] by
Ta(t) = —I8 f(Ty,2)T) M0~ 4 I8 f(t,x), 0<t<T.

It follows from the properties of fractional integrals and assumptions on function
f that the operator T : C[0,71] — C]0,T1] is well defined. By the standard
arguments, we can verify that 7' : C[0,71] — C10,T1] is a completely continuous
operator.
Let Q@ = {z € C[0,T1] : ||z]]| < R1} be a bounded closed convex subset of
C10,T1], where
1
e I(1 — )T Iy, n=1
T, <hi< <4€2F(1 — r)T*) ‘

For x € Q4, by (Hs) , we have

or(1 — r)T8 "

S v ——

(61 + egRlle_l)

21 — )T _
AT R R
Iy
R R
< M
< + 5 Ry,

which means that 7'(2;) € €. Then the Schauder fixed point theorem assures
that the operator 1" has one fixed point 1 € €)q, which is one solution of equation
(7).

Equation (6) in the interval (77,7»] can be written as (8). In order to con-
sider the existence of solution to equation (8), we consider the following equation
defined on interval [0, T3] :

2 [t — )

i |, T@ gy “#)ds = Dal) = ftw), 0<t<Th  (21)

Using same arguments as in the proof of Theorem 1, we see that if function
x(t) € C[0, T3] satisfies equation (21), then z(¢) must satisfy equation (8). Now,
we will consider the existence of solution to equation (21) with conditions x(0) =
0, :E(Tg) =0.

Applying operator Igi to both sides of (21), by Propositions 1 — 4 , we have

t
z(t) = et gt 4 / (t— )27 f(s,2(s))ds, 0<t<Ty.
0

F(Qz)

By conditions x(0) = 0,2(73) = 0, we have co = 0 and ¢; = —Igif(Tg,:v)TQI_qz.
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Define the operator T : C[0, T2] — C[0, T»] by

Ta(t) = =I5 f(Ty, x) 21 2ya2—1 4 /O(t—s)qz_lf(s,x(s))ds.

F(Q2)

It follows from the continuity of functions " f(t,z(t)) that the operator T :
C10,T3] — C0, T3] is well defined. Then we can obtain 1" : C[0, T3] — C10, T3] is
a completely continuous operator.

Let Q9 = {z € C[0,T3] : ||z|| < Ra} be a bounded closed convex subset of
C0, T3], where

1

deyT(1 — 7)T* r, e
— < Ry < | .
T, 2 <462F(1 — )T+

For z(t) € Qa, by (Hs) we get

20(1 — )T "

T < p—1
T (t)] < - (e1 +eaRa Ry )
21 — rm)T™ _
S (]:17)(61 +€2R2R§L 1)
q
Ry Ry
< = J—
>~ 9 + — 9 R27

which means that 7'(Q2) C Q2. Then the Schauder fixed point theorem assures
that the operator T has one fixed point z5(t) € Q2. By the same arguments as
in the proof of Theorem 1, we obtain that x2(t) € Q satisfies equation (8).

In a similar way, we obtain that thee equation (10) defined on [T;—1,T;] (Tn =
T), has solution z;(t) € Q; = {z € C[0,T;; ||z|| < R;i} ,i=3,4,--- , N, where

deI'(1 —r)T Iy, p1
=7 R P B
r, S S \Gera-nr)
Hence, problem (1) has a solution. The proof is completed. «

Consider the following problem

{ Dq(t) (¢ ) 1(_)'%'7 + ba(t)xH + b3(t)x, 0<t<T, (22)

() ya(T)

where 0 < T < 400, ¢(t) satisfies (H1), 0 <~y <1, p > 1, t"b;i(t) € C[0,T).
Combining Theorems 1, 2 and 3, we have the following result.
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Theorem 4. Let0 < vy <1, u> 1, thi(t) € C[O,T],i =1,2,3 with maxop<¢<T tr|b3(t)| <
41“(111_#, and assume that the condition (Hy) holds. Then problem (22) has one
solution.

Proof. 1t follows from Theorems 1, 2 and 3 that two-point boundary value
problems

)

{Dq(t)() bi(t)a?, 0<t<T, {Dq()() bs(t)z, 0<t<T,
(0) = 0,z(T) =0, | 2(0) =0,2(T) =0,

DIV (t) = by(t)a", 0<t<T,
z(0) =0,2(T) =0,

have one solution wui(t), ua(t) and wus(t), respectively. Based on the linearity

of variable order fractional derivative Dgi), we obtain that the function u(t) =
u1(t) + u2(t) + us(t) is one solution of the problem (22). <

4. Some examples

In this section, we provide several examples to demonstrate the utility of our
results.

Example 4. Let us consider the following linear boundary value problem

{Dgﬁ)x(t) =+04 0<t<3, (23
u(0) =0, u(3) =0,
where
12, 0<t<1,
q(t) =< 1.5, 1<t<2,
18, 2<t<3.

We see that ¢(t) satisfies condition (Hy); t92f(t,z) = t%1 : [0,3] x R — R is
continuous. Moreover, maxo<¢<3 t0-5 f(t,x) = maxop<t<s 01 = 30'1, thus we can
take suitable constants to verify f(¢,z) = t~9* satisfies conditions (Ha) — (Hs).
Then Theorem 1 or Theorem 2 or Theorem 3 assures problem (23) has a solution.

In fact, by the above arguments, we obtain that the equation of (23) can be
divided into three expressions as follows:

Dita(t)y =t 0<t<1, (24)
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d2 t t— —0.5
dt2/0 (F(S)5).’L'(S)d8 = t_0’4, 1<t < 2, (25)
d2 t t— —0.8
dt2/0 (I_‘(S)ml'(S)dS = t_0'4, 2<t S 3. (26)

By [21], we can easily obtain that the problems

Diz(t) =t 0<t<1,
z(0) =0,2(1) =0

— di2 Jo T(0.5)

D{px(t) = & [t Mw(s)d& =104 0<t<?2,
z(0) =0,2(2) =0

— dt2 Jo T(0.2)

Di:fa(t) = [t (tfs)_o‘sx(s)ds =t704 0<t<3,
z(0)=0,2(3) =0

have, respectively, the following solutions

21(t) = ?E?g; (5 — 192 e C[o, 1];

0.6
xo(t) = ?Eg:f;tl'l - F(PO(‘S.); 95 € 0, 2];
3(t) 11:2(2) i;tl-‘l - F(P()('g.)j;ﬁto-s € C[0,3].

By calculation we obtain that x(t), z2(t) and x3(t) are the solutions of (24),
(25) and (26), respectively. As a result, problem (23) has a solution.

To facilitate the intuitionistic descriptions of x;(t),7 = 1,2,3, we give their
function images. The blue curve is x1’s image; the black curve is z3’s image and
the red curve is x3’s image.

w

1
25
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Example 5. Let us consider the following nonlinear boundary value problem

1
DIVa(t)y =030 0 <t < 2,

1+z2° (27)
u(0) =0, u(2) =0,
where
1.5, 0<t<1,
q(t) =
1.7, 1<t<2.
1
We see that q(t) satisfies condition (Hy); t°° f(t,x) = t92 1'1‘;2 :[0,2] x R = R
s continuous. Moreover, we have
EE
0.5 0.2 |Z|3 0.2),.1%
= < .
Qax 2|f(t )| = max 77575 < 2|3

1
Letr =05, ¢c1 =1, c0 =2 and v = % We can verify that f(t,x) = t92 1'1‘;2
satisfies condition (Hsz). The assumption (Hs) of Theorem 1 is also satisfied.

This suggests that the problem (27) has a solution by virtue of Theorem 1.
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