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Direct and Inverse Problem for the Sturm—Liouville Op-
erator with Eigenparameter-Dependent Boundary Con-
ditions with Two Interior Discontinuities
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Abstract. In this paper, we study the Sturm-Liouville operator with two interior discontinuities
and with spectral parameter linearly contained in one of the boundary conditions. Spectral prop-
erties of the eigenvalues and norming constants of this operator are investigated. Moreover, the
Weyl solution and the Weyl function for this operator are defined. We prove uniqueness theorems
for the solution of the inverse problem of reconstruction of the operator from the Weyl function,
from the spectral data and from two spectra.
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1. Introduction

In this paper, we will study the discontinuous Sturm—Liouville boundary value problem
L consisting of the differential equation

ty =~y +ql@)y =Ny, z€J:=1[0,&)U(&,&) U (&, (1.1)
with boundary conditions at * = 0 and = = m,
U(y) = y'(0) — hy(0) =0, (1.2)

V(y) := (A= H1)y () + (AH — Ha)y(m) = 0,

and jump conditions at the points of discontinuities x = & and = = &9,

L(y) = y(& +0) —a1y(§&1 — 0) =0, (1.4)
lo(y) == 9'(&1+0) — a7 'y (& — 0) — agy(& — 0) =0, (1.5)
I3(y) == y(§&2+0) — f1y(§&2 —0) =0 (1.6)
la(y) = y'(&240) = By (&2 = 0) — Bay (&2 — 0) = 0, (1.7)
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where g(x) € Lo(0,7) is a real-valued function, A € C is a spectral parameter, h, H,
H,y, Hy, o; and B; (i = 1,2) are real numbers; a; > 0, |a; — 1| + |ag] > 0, f1 > 0 and
|81 — 1] +|B2] > 0. We assume that p:= HH; — Hy > 0.

Direct and inverse problems for Sturm—Liouville operators with spectral parameter
linearly contained in the boundary conditions and without discontinuities has been thor-
oughly studied. In [14, 31] an operator-theoretic formulation of the problems of the
form (1.1)—(1.3) has been given. Oscillation and comparison results have been obtained
in [6, 7, 19]. Basic properties and eigenfunction expansions have been considered in
[17, 20, 21, 33]. Inverse spectral problems have been investigated in [8, 9, 12, 15].

Boundary value problems with discontinuities inside the interval have been extensively
studied. Sturm-Liouville problems both with eigenparameter dependent and independent
boundary conditions and with discontinuities inside an interval have been considered in
[1, 2, 3, 16, 23, 28, 32, 34, 35] and other works.

Boundary value problems with discontinuities inside the interval often appear in math-
ematics, mechanics, physics, geophysics and other branches of natural sciences. As a rule,
such problems are connected with discontinuous material properties. The inverse problem
of the reconstructing the material properties of a medium from data collected outside
of the medium is of central importance in disciplines ranging from engineering to the
geosciences.

Various mathematical and physical applications of discontinuous boundary value prob-
lems are found in mathematics for investigating spectral properties of some classes of differ-
ential, integrodifferential and integral operators, in the theory of heat and mass transfer,
in electronics for constructing parameters of heterogeneous electronic lines with desir-
able technical characteristics, and in geophysical models for oscillations of the Earth(see
[4, 25, 26]).

In this paper, we study direct and inverse problem for the discontinuous boundary value
problem L. In Section 2, the operator-theoretical formulation of the problem presented.
In Section 3, spectral properties of the eigenvalues and norming constants of the problem
is investigated. In Section 4, we define the Weyl Solution and the Weyl function of the
problem. In Section 5, uniqueness theorems for the solution of the inverse problem from
the Weyl function, from the spectral data, and from two spectra are proved.

2. The operator equation formulation

In this section, we introduce a linear operator A in a suitable Hilbert space such that
the considered problem L can be interpreted as the eigenvalue problem of this operator.
Let the inner product in the Hilbert space H = Lo(0,7) @ C be defined by

#.6) = [ " fa)g@)d + - i

where
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For convenience we will use the notations
R(y) :== Hiy/'(7) + Hay(m), R'(y):=y'(7)+ Hy(n).

We define an operator A acting in H such that

A= < " )

with

D(4) = {F=( fj(;f) ) e

one-hand sided limits f(&; 4+ 0) and f/(& +0), i = 1,2,
£f € Ly(0,7), U(f) = 0, 1i(f) =0, j = T4, fi = R'()}.

f, f € ACj,(J), and have finite

Thus, we can pose the discontinuous boundary value problem L as

in the Hilbert space H. It is readily verified that the eigenvalues of the operator A coincide
with those of the problem L.

Theorem 2.1. The operator A is symmetric in H.

Proof. First, we prove that A is densely defined in H. For this suppose F =

( fj(;f) > € H is orthogonal to all G = ( Jg/(évg)) ) € D(A), i.e.,

(F.G) = /0 " f@)a@)da + ;flmg) 0. (2.1)

Let 5’80 denote the set of functions

¢1(z), z€[0,&),
¢(x) - ¢2($)7 HAES (§17€2)7
p3(z), =z € (&,7],

where ¢1(z) € C§°[0,£1), ¢a(z) € C (&1, &) and ¢3(z) € C3°(&2, 7). Since CH0 C D(A)

(0 € C), then any G = ( g(ox) > € 680 @ 0 is orthogonal to F', namely

(#.6) = [ s@igterds =o.
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Consequently, f(z) vanishes, since Ly(0,7) is complete with respect to its standard inner
product. Then substituting f(z) = 0 into (2.1) yields

;flR%g) —0

for all G = < ng’(zcg)) ) € D(A). Since R'(g) can be chosen arbitrary, hence f; = 0.

Therefore, F' =0, so D(A) is dense in H.
We prove that A is symmetric. Let

() o (k)

be arbitrary elements of D(A). By twice integration by parts we get

(AF,G) = (F,AG) = W(f,3;0) + W(f,3:&1 —0) = W(f, ;&1 +0)

W) ;(R(f)R’(g) ~ R(f)R()). (2.2)

where as usual, W(f, g;x) denotes the Wronskians f(z)¢'(z) — f'(x)g(z). Since F,G €
D(A), it follows from (1.2) that
W(f,g;0) =0, (2.3)

and from (1.4)—(1.7), we get
W(f,9:& = 0) =W(f,g:& +0), i=12 (24)

Moreover, the direct calculations gives

pW (f.g;m) = R(/)R(9) — R'(f)R(g). (2.5)
Now, inserting (2.3)—(2.5) into (2.2), yields the required equality
(AF,G) = (F,AG), F,G e D(A).

So A is symmetric. <

Corollary 2.2. All eigenvalues of the problem L are real.
We can now assume that all eigenfunctions of the problem L are real-valued.

Corollary 2.3. If A1 and Ao are two different eigenvalues of the problem L, then corre-
sponding eigenfunctions y1 and yo of this problem are orthogonal in the following sense:

/ﬂ y1(x)y2(z)dr + 1R/(y1)R'(y2) =0.
0 p
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3. Properties of the spectrum

In this section, properties of the spectrum of the discontinuous problem L will be
investigated.

For what follows we need the following lemma, which can be proved similar to [30,
Theorem 2.

Lemma 3.1. Let q(z) € La(a,b), a,b € R, be a real-valued function and f(\), g(\) be
given entire functions. Then for any \ € C the equation

—y" +a(@)y =Xy, =€ ab]
has a unique solution y = y(x, \) satisfying the initial conditions
yla) =f(N), ¢'(a)=g\) (ory(d)=f(A), ¥'(b)=gN).
For each fized x € [a,b], y(x,\) is an entire function of X.

‘We shall define two solutions

QOl(IE,A), T e [0751)7
QD(.%',)\) = 802("177)‘)7 T e (51752)?
303(‘T7A)7 US (62771-]
and
1/}1(337)\)7 HARS [0751)7
w($7A) - wQ(:U’)‘)v TE (51752)?
Ys3(z,A), z € (€2, 7]

of equation (1.1) as follows:
Let ¢1(z, A) be the solution of equation (1.1) on the interval [0,&;) satisfying the initial
conditions

01(0,A) =1, ¢©1(0,\) = h. (3.1)

By virtue of Lemma 3.1, after defining this solution we can define the solution yo(x, \) of
equation (1.1) on (&1, &2) by the nonstandard initial conditions

P2(&4+0,)) = a11(&—0,)),  ¢h(&4+0,X) = a7 ' (& — 0, ) +azp1 (61 -0,0). (3.2)

After defining this solution we can define the solution p3(x, \) of equation (1.1) on (&2, 7]
by the nonstandard initial conditions

903(62 + 07 A) = 161()02(62 - O) )‘)7 s0/3(§2 + 07 )‘) = 5;1¢é(£2 - Oa >\) +/82()02(§2 - 0) )‘) (33)

Obviously ¢(x, \) satisfies equation (1.1) on J, the boundary condition (1.2) and the jump
conditions (1.4)—(1.7).
Analogously first we define the solution ¥3(x, ) on (&2, 7| by the initial conditions

ws(m,A) = A — Hy, b(m,\) = —\H + H,. (3.4)
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Again, after defining this solution we define the solution 2(z,A) of equation (1.1) on
(&1,&2) by the nonstandard initial conditions

Y€ —0,0) = BT 3(&24+0,0),  ¥h(&2—0,)) = Bivbs(&+0,A) — Batiz(£2+0,N). (3.5)

Using this solution, we define the solution 1 (z, A) of equation (1.1) on [0,&;) by the
nonstandard initial conditions

P1(&—0,A) = a7 " ha(&+0,X), ¥ (& —0,A) = a1ty(& +0,A) — agtha (&1 40, A). (3.6)

It is clear that ¢ (z, \) satisfies equation (1.1), the boundary condition (1.3) and the jump
conditions (1.4)—(1.7).
For any solution y(x, A) of equation (1.1) we shall use the notation

ya(x) = y(x, N).

Let us consider the Wronskians

where Q1 = [0,&1), Q2 = (£1,&2) and Q3 = (&2, w]. By virtue of Liouville’s formula for the
Wronakian (see [10, p. 83]), xi(\) (i = 1, 3) are independent of x € Q; (i =1, 3). In view
of (3.2), (3.3), (3.5) and (3.6), a short calculation gives

W (th1x, p1x; €1 — 0) = W(than, pax; &1 + 0) = W (thax, wax; 2 — 0) = W43y, p3x; &2 + 0),

s0, x1(A) = x2(A\) = x3(A) for each \ € C.
Now we may introduce the characteristic function

A(A) = x3(). (3.8)

Clearly
AN) =V (en) = =U(y). (3.9)

It follows from Lemma 3.1 that A(\) is an entire function of A and it has an at most
countable set of zeros {\,}.

Theorem 3.2. The zeros {\,} of the characteristic function A(X) coincide with the eigen-
values of the boundary value problem L. The functions p(x, \,) and ¥ (x,\,) are eigen-
functions and there exists a sequence {k,} such that

(X, Ap) = knp(x, \p), kn#0. (3.10)

Proof. Let Ao be a zero of A(X). Then from (3.7) and (3.8) we have W (¢15,, P1ro; &) =
0 for all z € Q4, and therefore, the functions ¢1(x, A\g) and 11 (z, Ag) are linearly dependent,
i.e.,

Pi(x, o) = k(()l)wl(w,)\()% r €M



114 I. Dehghani, A. J. Akbarfam

for some k(()l) # 0. Consequently, ¥ (x, \g) satisfies also the boundary condition (1.2) and
hence 1(x, \o) is an eigenfunction for the eigenvalue A.

Conversely, let A\g be an eigenvalue of L and let y(x, \g) be a corresponding eigen-
function, but A(Xg) # 0. Then it follows from (3.7) and (3.8) that the pairs of functions

(11}1/\07 301)\0)5 (¢2>\0, 902/\0) and (1/}3>\07 303)\0) are linearly independent on [07 51)7 (517 52) and
(&2, 7], respectively. Therefore, y(z, Ag) can be represented as follows:

01¢1>\0 (:I") + C2P1) (l’), T e [0751)3
y(x, M) = § 3o (@) + capary (), = € (&1,82),
C5¢3)\0 ('I) + C6P3) (x)v HAS (52771-]7

where at least one of the constants ¢; (i = 1,6) is not zero. Since y(z, Ao) is an eigenfunc-
tion, then the equations

U(yx,) = 0,
V(yx,) = 0, (3.11)
Li(ya) =0, j=1,4

can be considered as a homogenous system of linear equations of the variables ¢; (i = 1, 6).
It follows from (3.1)—(3.9) that the determinant of this system is

0 ~A() 0 0 0 0

0 0 0 0 A(No) 0
—p2axo(§1+0)  —2xo(§14+0)  war,(§1+0)  t2x,(&1+0) 0 0
—po3, (E1+0) =gy (E140) 9oy, (£1+0) P, (E1+0) 0 0

0 0 —@3xg(§2+0) =3 (£24+0) @3 (§2+0)  P3x(£2+0)

0 0 —ixg (E2+0) =ty (E240) @5y (624 0) Y5y, (§2+0)

= —A%(X\) #0.

Therefore, the system (3.11) has only the trivial solution ¢; = 0 (¢ = 1,6), which is a
contradiction. Thus, A(\g) = 0.
Now let A\p be an eigenvalue. It follows from (3.7) and (3.8) that

Xi(A0) = W(thing, Ping;x) =0, x €y, i=1,3,

and therefore, '
bilz, o) = kP i, No), €, i=1,3 (3.12)

for some k: #0 (i = 1,3). From (3.12) we conclude that 1(x, \g) and ¢(z, \g) satisfies
also the boundary conditions (1.2) and (1.3), respectively, and hence p(z, A\g) and ¥ (z, Ao)
are eigenfunctions. We show that kél) = k:(()z) = k:(()g). Suppose, if possible that k(()l) #* k:(()Q).
Using (3.1)—(3.6) and (3.12), we have

(kY = K)pa(€1 4+ 0,00) = B (a101(61 = 0,00) + a7 ' (&1 — 0, M)
— kP 00 (&1 + 0, o)
= a191(é1 — 0, X0) + a7 "1 (€1 — 0,X0) — 12(€1 + 0, \o)
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= 0.

Hence
(,02(51 + 0, )\0) =0. (3.13)

Analogously, starting from (kél) - k[(f))cpé(& + 0, \p) and following the same procedure,

one can derive that
©5(&1+0,X) = 0. (3.14)

Since pa(x, Ag) is a solution of equation (1.1) on (&1, &2) and satisfies the initial conditions
(3.13) and (3.14), it follows that y2(z, A\g) = 0 identically on (&1,&2). taking this into
account and using (1.4) and (1.5) we get

p1(&1 —0,X0) = ¢ (&1 —0,A) = 0. (3.15)
Also making use of (3.3) we obtain
p3(&2 +0,00) = ¢5(&2 + 0, A9) = 0. (3.16)

From (3.15) and (3.16) by the same argument as for pa(z, Ag) it follows that ¢1(z, Ag) = 0
identically on [0, &) and ¢3(z, A\g) = 0 identically on (§2,7]. Hence ¢(z, Ag) = 0 identically
on J. However, this contradicts (3.1). Thus, kél) = k(()z). in the same way one can show
that /-c(()2) = k(()g). Consequently,

w(x, )\0) = ko(p(x, )\0), T € J

for some kg # 0. This completes the proof of Theorem 3.2.«

Recall that the set of eigenvalues {\,} of the problem L coincide with the set of
eigenvalues of the operators A. It is easy to show that

" R(px,)
are eigenelements of A. Here we define norming constants of the problem L by
2 Ty Lo 2
o= (1Pl = ¢ (2, An)dz + 2 (R (pr,))" (3.17)

The numbers {\,, 7n }n>0 are called the spectral data of the problem L.

Lemma 3.3. The following relation holds:
An) = —knYn, (3.18)

where the numbers ky, are defined by (3.10) and A(X) = d/dA(A(N)).
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Proof. Using the Lagrange identity (see [29, Part II, p. 50]) for solutions ¢(z, A) and
o(x, Ap), and taking into account (2.3) and (2.4) we get

/ gp(m,/\)tp(a},)\n)dx _ W(‘PA,SDAnQW)
. X —

_ W(or ¥, 7)
kn(A — Ap)
_ R(or) = AR (o))
En(X = An)
_ (A= A)R(er) — AR
En(A — An)

For A — )\, this yields
A = <k [P A)de = Rien,)
= o (0= SR ()2) = R s, (3.19)
Now putting R'(py,) = (1/k,) R (¢y,) = p/kn in (3.19) we get (3.18).«

Definition 3.4. The algebraic multiplicity of an eigenvalue A of the problem L is the
order of it as a zero of the characteristic function A(N). The geometric multiplicity of an
etgenvalue X is the dimension of its eigenspace, i.e., the number of its linearly independent
etgenfunctions.

Theorem 3.5. The eigenvalues of the problem L are algebraically and geometrically sim-
ple.

Proof. Let Ay be an eigenvalue of the problem L. By virtue of Lemma 3.3, we have
A()\O) # 0, and hence \g is algebraically simple.

Let us show that Ay is geometrically simple. Suppose on the contrary that there
are two linearly independent eigenfunctions y;(z) and y2(x) corresponding to the same
eigenvalue \g. Since y;(z) and yo(z) satisfy (1.2), we have W (y1,y2;0)=0. Therefore,
y1(x) and yo(z) are linearly dependent which is a contradiction. This completes the proof
of Theorem 3.5.«

Lemma 3.6. For |s| — oo, the following asymptotic formulae hold:

dk dk

%@1(%, A) = ok CO8 ST +0 <\s\kfle|7‘m> , k=01, (3.20)
dk dk

%ng(l', A = - ( tcossz +a” coss(26 — a:))

+0 (|s|’“*16‘7|x) . k=0,1, (3.21)
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d* d*
%wg(x, A) = Tk (oﬁﬂJr cos sz + a~ BT cos s(2¢1 — x)

+at B cos (26 — x) + o~ B cos s(261 — 262 + x))

+O (|s|k_le‘T|z) . k=0,1, (3.22)

uniformly with respect to x € Q; (i = 1,3). Here and in the sequel s = VX is the principle
branch, T = Im s, and

1 1 1 1
+ -
=5 + — =z +— . 3.23
oY 2<a1 a1>, B 2<51 51) (3.23)
Proof. Let us show that
L ( A)—ik R
TP A) = T cosse 4 — o psinse
L[ 7dk i A)d Q, k=
| sins(@ = et Adt, €y, k=01, (3.24)
0
d* d*
7dxk802($7 A) = arp1(§1 =0, )\)W cos s(x — &)
1/, _ dk
+- (a1 'Ph(6 = 0.0) + axpr(€1 — 0,1)) 2 sins(e — &)
T s et N, e k=01, (3.25)
— ——sin s(x — T = )
s 6 dl’k q\t)p2(i, ) 2 s 1y
d* d*
Ik w3(z,\) = Bip1(& -0, /\)@ cos s(x — &)

L (g 0, A 0.0)- L
+§<51 ©5(§2 — 0, A) + Baga(§2 — 0, ))wsms(a;—gg)

1 [* gk
+S/ g sins(z —)a()es(t, Ndt,  x € Q3 k=0,1. (3.26)
&2

Since p;(t, A)(i = 1, 3) satisfy (1.1), we have
at)pi(t,N) = O (t,\) + s*pi(t,\), teQ;, i=T13. (3.27)

Substituting right-hand side of these equalities in the integrals in (3.24)—(3.26) and twice
integrating by parts the term involving ¢/ (¢, A), we obtain (3.24)—(3.26).

Using (3.24), the asymptotic formulae for ¢1(x, A) can be found in the same way as in
[13, Lemma 1.1.2]. Therefore, we shall formulate them without proof. Let us prove (3.21).

Using (3.20) we have

©1(§1 —0,\) = coss& + O (‘3|—1e\7|£1) 7
©1(& —0,)) = —ssins& + O (elT\&) )
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Substituting these asymptotic expressions into (3.25) we obtain

pa(x,\) = at cossz + a coss(28 — x)
—l—i/ sin s(z — t)q(t)p2(t, A)dt + O (|8’71€‘T‘x) . (3.28)
1

Multiplying through by e~I"* and denoting f(x, \) := pa(z, A)e~I"1*| we have

flz,\) = (a+ cos sx + a~ cos s(2&; — :r))e_m:E
+1 / sins(z — t)e T g(t) (6, Nt + O (Js] 1)

S

Let (X)) = sup |f(x,\)|. Then using the inequalities
€N

lcossz| < el |coss(26 —2)| < el™®,  z e,
|sins(z —t)| <e™®, zeQy, te (&,
we obtain

3 1 &2
HN) < at 4 o]+ S u(y) / lg(t)]dt + 10
W 5]

for some py > 0. For sufficiently large values of |s| this gives

&2
<o - ln0)

Hence |f(z, ) < u(N)] = O(1), as |s| — oo, and therefore @a(z,\) = O (e'ﬂx), uniformly
with respect to = € )y, as |s| — oo. Substituting this estimate into the right-hand side
of (3.28), we get (3.21). The proof of (3.22) is similar to that of (3.21) and hence is
omitted. «

Similarly one can establish the following lemma for ¢;(x, \) (i = 1, 3):

Lemma 3.7. For |s| — oo, the following asymptotic formulae hold:

d* 2 d (o gt
%1/11(33,/\) = s @(a BT coss(m—x) —a BT coss(m— 26 + )
—at B coss(m — 26 + 1) + a” B coss(m — 2& + 261 — 96))
+O (|s|’f+1ewrl<w—x>> k=01, (3.29)
dk o d¥ o _
wwg(a}, A) =5 @(B coss(m—x) — B coss(m— 2& + x))
+O (]s]kJrle‘Tl(“_x)) C k=0,1, (3.30)
k k
%’(ﬁg@ﬂ, A) = 52% coss(m—xz)+ O (!5]’““6'7‘(”_@) k=01, (3.31)

uniformly with respect to x € Q; (i =1,3).
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For what follows we need to study the spectral properties of the discontinuous eigen-
value problem Lg for the equation:

boy = —y' =Xy, z€J, (3.32)

with the boundary conditions

lo1(y) = y(& +0) —ary(&1 — 0) = 0, (3.34)
loa(y) == y/(& +0) —ay 'y (€1 = 0) =0, (3.35)
lo3(y) = y(€2+0) = P1y(&2 — 0) = 0, (3.36)
loa(y) = y/(&2+0) = By 'y (€2 — 0) = 0. (3.37)
Let ¢o(z, \) and ¥g(x, \) be the solutions of (3.32) satisfying the initial conditions
0o(0,A) = o(m,A) =1, ¢5(0,A) = hg(m, A) = 0. (3.38)
Then we have
cossr, x € {1,
(2, )= at cossr +a” coss(26; —x), x € Qo
POWE A=Y ot B+ cos sz + a~ B+ cos s(26) — )
+at B coss(28y —x) + a” B coss(26 — 26 + ), x € Q3
(3.39)
at Bt coss(m —x) —a” BT coss(m —2¢; + x)
Vo, \) = —at B coss(m — 28 + 1) —a B coss(m — 26+ 26 —x), x €,
0Lt V=9 g+ coss(m—x) — B coss(m— 28 +x), x €y,
coss(m—x), x €.
(3.40)
Let
Ap(A) = —s(a+ﬁ+ sinsm — o~ 3 sin s(2& — 7)
—aT B sins(28 — ) +a” B sins(26 — 265 + 7r)> (3.41)

Clearly Ag(A) = Vo(gor). Analogous to the problem L, one can show that the zeros
{AY = (89)2},,>0 of the entire function Ag()) coincide with the eigenvalues of the problem
Lo; the functions og(x, A\)) and vg(z, \2) are eigenfunctions and there exists a sequence
{k9},,>0 such that

Yoz, \0) = k0o (2, \0), kY #£0. (3.42)



120 I. Dehghani, A. J. Akbarfam

Also, using the same techniques as in the problem L, we can prove that the zeros of Ag()\)
are real and eigenfunctions related to different eigenvalues are orthogonal in the Hilbert
space Lo(0, 7). Denote norming constants of the problem Ly by

0= [ e e (3.43)
Then using (3.39) we calculate
Yo = n + ZZ? (3.44)
where '
n = % + (m;)Q + (042)2 +ata” cos 25%51) (&2 —&1)
+((oﬁg*)? N <or§+>2 N <a+§—>2 N <a—§—>2
+ata” ((B%)° +(87)%) cos2sp&r + ()2 5787 cos 2556
+2a"a BB cos 28 (61 — &) + ()BT BT cos 280 (261 — @)) (m — &)
(3.45)
and
) = W sin 250 — ata”(57)° sin 250 (&, — )
OB 28261 — m) — 256 ((@ ") + (7)) sin250(& — )
—W sin 259 (26, — ) — %a’LoFBJFﬂ_ sin 28, (61 + & — 7)
sataTBTAT sin2s)(6 — &+ m) + sata(67) sin2s)(6 — 26 + )
+W sin 259 (2¢; — 269 + ). (3.46)
Similar to (3.18) one can get the following equality:
Ao(A\0) = —k940. (3.47)

This shows that A(A2) # 0 for all n > 0, i.e., the zeros of Ag()\) are simple. Using the
study [18] (see also [22]), we obtain

In the same way as [1, Lemma 1] we can prove the following lemma:
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Lemma 3.8. The sequence {s2},>0 is separated, i.e.,

d:= inf |s% —s%|> 0. (3.49)
n#m

Theorem 3.9. The discontinuous boundary value problem L has a countable set of eigen-
values { A }n>0. Moreover, for n > 0,

$ni= VA =0 + % + %, {Cntn>0 € o, (3.50)
where
wp = — <w1 cos 80 + wocos s (26; — ) + w3 cos 501 (269 — )
g cos sh_y (26 — 26+ 7))/ (280N 1) ) . (3.51)
w, = ot pT (H +h+ % /Oﬁq(t)dt> + % (@ B2+ BT az) , (3.52)

i &1
wy = o~ B <H —h+ ;/0 q(t)dt — /0 q(t)dt) + % (o B2+ BTan), (3.53)
w3 = atf” <H —h— ;/qu(t)dt + /:q(t)dt> + % (o By — B~ a2) , (3.54)
™ &2
wy = a B <H +h+ ;/0 q(t)dt — / q(t)dt) + % (B2 — B 2) . (3.55)

Proof. Substituting the asymptotics for ¢;(x, A) from (3.20) into the right-hand side
of (3.24), we calculate

e1(z,\) = cossz + f11(x) sin 5 2% ' q(t)sins(x — 2t)dt + O (|3|—26|T\93) :
: (3.56)
@1 (x,\) = —ssinsz + fi1(x) cos sz + ;/Om q(t) cos s(x — 2t)dt + O <|s|—1elTlr) :
(3.57)
where
Fu(@) = h+ % /Ow gO)dt, z €. (3.58)

Using (3.56), (3.57), and substituting the asymptotics for ¢o(z, A) from (3.21) into the
right-hand side of (3.25) we obtain

@a(x,\) = o cossz +a” coss(28 —x) + %(le(x) sin sz + foo(x) sin s(2&; — x))

1 /a" -

x &1
+g <2 /0 q(t) sin s(z — 2t)dt + % /0 q(t)sins(2& — x — 2t)dt
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a— q )sins(2&; + x — 2t)dt) +0 <\s\ 2 |T|x> , (3.59)
2 Ja
oo (x, \) s(oz+ sinsx — o~ sins(2& — :L'))
at [*
- 2%, — e —2t)d
+<f21(ac) cos sx — foa(x) cos s(2&; a?)) + > /0 q(t) cos s(x — 2t)dt
- ré - rz
—% / q(t) cos (2§, — x — 2t)dt + % / q(t) cos (261 + = — 2t)dt
0 1
+O (|s|*le\flw) , (3.60)
where
&1 x
(@) = at <h+ ;/0 a0yt + / q(t)dt) +22, (3.61)
1 [& 1 [®
foo(z) = a~ <h+ 5 /0 q(t)dt - 3 / 1 q(t)dt) - % (3.62)

Using (3.59), (3.60), and substituting the asymptotics for ps(x,\) from (3.22) into the
right-hand side of (3.26) we get

o3(z,\) = at B cossz 4+ a” BT coss(28 — ) + at B coss(28s — 1)

+a” BT coss(2& — 28 + ) + %(fgl(x) sin sz + faa(x) sin s(2&; — x)

+ f33(x) sin s(282 — x) + f3a(x)sins(2&; — 28 + m))

—i—é /093 Q1(x,t)sinstdt + O (]s]de'ﬂx) , (3.63)
oh(z,\) = —s(oﬁ[ﬁ sinsm — o~ B sins(26 — 1) — at B sins(26 — 7)

+a” B sins(26 — 26 + 7)) + fr (@) cos sz — faa(w) cos (261 — @)
— f33(x) cos s(28a — x) + faa(x) cos s(2&; — 28 + )

' dt+ 0O (|s|"tel™®) | 3.64
+/0 Q2(x,t) cos st dt + <|s| e ) (3.64)
where
&1 &2 z
utey=ata (e g [Caan+ 5 [y g o)+ 5 06+ 5%00).
(3.65)
& &2 x
ptey=a g (5 [Catai = [Ty [awnir) = 5 (o p+ 5%00).
(3.66)



Direct and Inverse Problem the Sturm-Liouville Operator 123

&1 &2 z
pute) =3 (e 3 [Cawe g [Cawar = [[o) = 3 (05—

2

&1 &2 z
)= (e 5 [Tt =5 [Cawar+ 5 o)+ 5 (050

2

and the terms

/ Qi(x,t)sinstdt, Qi(z,.) € L2(0,7), =z € Qs,

0

/ Qg(x,t) cos st dt, QQ(Z‘, ) S LQ(O,W), x €3
0

are obtained by combining the integrals with integrands of the form ¢(t)sinsp(t) and
q(t) cos sp(t), respectively.
According to (3.9),

AN = (A — H)@'(m, \) + (AH — Hy)p(m, A).
Hence by virtue of (3.63) and (3.64),
A\ = —53 (a+5+ sinsm — o~ 8 sin 5(261 — 1) — a4 sin 8(262 — 7)
o B sin s(26 — 265 + TF)) + 52 (w1 cos 57 + wa cos 5(261 — )
w3 cos $(26y — ) + wy cos (261 — 265 + 77)) +821(s), (3.69)

where wy, wg, wg and wy are given by (3.52)—(3.55), and

I(s) :/ Qo(m,t) cos st dt + O (|srlelf‘“). (3.70)
0
Denote
Lo = {AeC: A = (s ]+ 9}, (3.71)
Gs ={s:|s—s% >0 k=0,1,2,...}, (3.72)

where d is defined by (3.49) and ¢ is sufficiently small positive number. Using known
methods (see, e.g., [5, Theorem 12.4]) we get

IAG(N)| > Cs|sle™, s e Gy. (3.73)
On the other hand, it follows from (3.69) that

|AN) = s*Ag(N)| < Cjs[?el™™ (3.74)
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for sufficiently large values of |s|. Thus,
|s280(N)] > Cslse™™ > Cf|s2el™™ > |A(N) — s2A0(N)] (3.75)

for sufficiently large values of n € N and s € T',,. Hence by Rouché’s theorem [11, p.
125], we can establish that for sufficiently large values of n € N, the number of zeros
of s2A0(\) + {A(N) — s2A0(N\)} = A(N) inside T, coincides with the number of zeros of
s2Ag(N), i.e., it equals n 4+ 1. Thus, in the circle {A : [A] < (|s2_,| + %)2} there exists
exactly n + 1 eigenvalues of L: Ag, ..., Ay. Analogously, by using Rouché’s theorem one
can prove that for sufficiently large values of n, every circle 0,,(0) = {s : |s — s ;| < §}
contains exactly one zero of A()), namely s, = v/A,. Since § > 0 is arbitrary, we must
have

S =28 1 +en, en=o0(l), n— oo (3.76)

—" (i) . (3.77)

It is not difficult to see that

Taking into account that Ag(A?) = 0 and using Taylor’s expansion of Ag(s?) at s = s2_,
this yields

. 1
enho(N ) =0 <0> +0(e2). (3.78)
n—1
It follows from (3.44) that
|m| < C. (3.79)

It means that 40 = O(1) and (72)~! = O(1). By virtue of (3.38) and (3.42) we have

1
0 0
ky, = (0, \,) S0

Therefore, k2 = O(1) and (k2)~! = O(1), i.e., k2 =< C. Together with (3.47) and (3.79),
this yields
‘Ao()\%) = C. (3.80)

Now (3.77) follows from (3.48), (3.78) and (3.80). By virtue of (3.48), (3.76), and using
the method of [27, p. 66] (see also [27, Lemma 1.4.3]), we obtain

{/ Qa(m, t) cos sntdt} € .
0 n>0

Taking this into account, it follows from (3.69), the relation A(\,) = 0 and (3.77) that

Ag(An)+wi cos s, + wa cos s, (281 — )
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+ws o8 85, (282 — ) + wy o8 5,(281 — 282 + ) + K = 0,
where {1 }n>0 € lo. Using Taylor’s expansions of Ag(s?) and wy cos sm + wa cos s(26; —
) + w3 cos 8(26y — ) + wy cos 5(261 — 2&e + ) at s = s¥_, this yields
26n50 1 AN ) +wy cos s+ wycos s (26 — )
w3 cos 801 (260 — ) + wycos 801 (261 — 26 + ) + Kpg = 0,

where, {kn2}n>0 € l2. From this, (3.48), (3.77) and (3.80) we obtain (3.50). Theorem 3.9
is proved. <«

Theorem 3.10. The eigenfunctions

Sol(znv)\n)a :L'GQl
(@, An) = ¢ @2(x,An), @€ Qs (3.81)
803($, )\n), z € Q3

of the discontinuous boundary value problem L satisfy the following asymptotic estimates:

©1(x, \p)=coss®_ x4+ = (f11( ) — zwy) + Hnln(m), (3.82)
oz, A\p) =0 coss®_ 1z +a” coss® (26 —x) + %( (fa1(z) — ataw,)) sin s0
+ (fgg(a:) —a (25 — x)wn) sins® (26, — x)) + Hni(x), (3.83)
w3(x, An)=a BT coss? 1z +a T cossd (26 —z)+ T B cossd (26 — )

+a~ B cos O (26, — 26 + ) + —( (fs1(z) — atBtaw,) sin 0

+ (f2(z) — a” BH(2& — 2)wy) sins, (26 — )

+ (fas(@) — "B (26 — 2)wy) sins, (28 — @)

+ (f34(:c) —a B7(26 — 28 + :r)wn) sin 32_1(251 —2& + x)) I /inz;(l’),
(3.84)

3030

where |kni(z)] < C on Q; (i =1,3) and {knpi(x)}n>0 € la for x € Q; (i =1,3).

Proof. Let us consider only ¢1(x, A,). Other cases can be considered in a similar way
using (3.59) and (3.63). From the asymptotic formula (3.56) for A = \,, we have

sin s, 1 r

1
= in sp(z — 2 ).
5 + 25, )y q(t) sin sy, (x t)dt—i—O(S%)
(3.85)

o1(z, A\n) = cos spx + f11(x)

Using (3.50) and Taylor’s expansions of cos sz, sin sz and sins(z — 2t) at s = s_,, this
yields

©1(x,\p) = cossd x4+ — (f11( ) — zwy — Cur) sins?_
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1 x
+

o ; q(t) sin s%_l(m —2t)dt+ O <1> . (3.86)

n2

Recall that {Cu}n>0 € l2 and { [ q(t)sins)_; (z — 2t) dt}n>0 € la. Also it is clear that the
functions ¢, sins)_ z and [ q(t)sins_ (# — 2t) dt are bounded on €. Consequently, we
get (3.82) from (3.86).4

Theorem 3.11. The norming constants v, of the discontinuous boundary value problem
L have the following asymptotic behavior:

~0 Un on
i . {00 la, 3.87
Vo= na S {0n}n>0 € l2 (3.87)

where A0 is given by (3.45) and

Up = bysin2s0 & + bysin2s) &y 4 bysin2s0 (€1 — &)

+by sin 232—1(251 — &)+ W sin 232—1” - W sin 23%—1(51 — )
(@ B)? . o 1 - 2 12\ wing 90
e sin 28,126 — ) — §5+5 ((@®)? + (a7)?)sin2s, (& — 7)
—W sin 250 (26, — ) — %a+a_ﬁ+ﬁ_ sin2s)) (& + & — )
+%a+a_ﬂ+ﬁ_ sin2s) (& — & +7) + %a+a_(ﬁ_)2 sin2s) (& — 26 + 1)
+M sin2s) (26, — 2 3.88
4 n—1 1 52 + 7T)7 ( : )

by = [ —2ata" Gw, +ata” <2h + Jota(t) dt) - %(OF — a+)] (&2 —&1)
| =20 (P 4 (5 P + (344 (57 (204§ at) )
(0%)]

- = a4 (5P (r - ) (3.50)

+%C¥+,3_ (a+ﬁ2 + ,3+042) — %a+ﬂ+(a+62 — ,B_Ozz)] <7T — 52), (3.90)

by = [—4a+a—ﬁ+ﬁ—<sl — &)on —ata B [ q(t) b
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+a BT (at By — B ) —atp (o Be + ﬁ_az)] (m — &), (3.91)

by = {— 2(a7)2B%87 (26 — Co)on + (728787 (2042 [ at) dt — [ q(t) dt)
+%OZ_B+(OZ+B2 — B_Oéz) — %Oé_ﬂ_(a_ﬂg — 5_012):| (7‘(‘ — 52) (3.92)

Proof. By virtue of (3.81), we can rewrite (3.17) as

51 52 m
= / (@, A da + / B, M) da + / PR, Ay d 4 <R’<wn>>2. (3.93)
0 1 1

It follows from (1.3) and (3.22) that

;(R’(wn))2 = pi%(l?(sm))2 =0 <;2> . (3.94)

Taking this into account and substituting (3.82)—(3.84) into (3.93) we obtain (3.87).«

Theorem 3.12. The characteristic function A(X) can be represented as follows:

A(X) = co(A = Ao)( ]o_o[ (3.95)

where
co=atftr—a BT (28 —7) —atB (26 — ) +a” f7(28 — 26 + ). (3.96)

Proof. Tt follows from (3.9) and (3.22) that A(\) is an entire function of A of order 1/2
and hence by Hadamard’s factorization theorem [11, p. 289], A()) is uniquely determined
up to a multiplication constant by its zeros:

- CEIO (1 _ ;n) | (3.97)

The case A(0) = 0 requires minor modifications. We consider the function

AN := s?Ag(A pRron H <1 - > . (3.98)

Then .
A _ )\ oo o0 n
) _ O N (1 )

A(N) CoAOALA )\n+1 —A
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With the help of (3.41), (3.50) and (3.69), we calculate

A i il — A0
m A - <1+A+01An> _1
A——00 A()\) A——00 oyt Ap— A

and hence

00 )\n
C = —amoh [] S5
n=1 """

Substituting this into (3.97), we get (3.95).«

Remark 3.13. Analogous results are valid for boundary value problems with other types
of boundary conditions but the same jump conditions. Let us state some of these results
for one of them which will be used below.

Consider the discontinuous boundary value problem Ly for equation (1.1) with the
boundary conditions y(0) = V(y) = 0 and jump conditions (1.4)~(1.7). The eigenvalues
{ntn>0 of L1 are algebraically and geometrically simple and coincide with the zeros of
characteristic function Ay(\) := (0, A) and

A1(>‘) = Cl()‘ - ﬂO) 0 ) (399)
n=1 Pn—1
Wn, n
= Vi = 0+ 20 Gy e, (3.100)

where {u = (t2)2},>0 is the set of zeros of the entire function
A1 o(N) = o BT cossm—a” BT coss(m — 2¢&)
—at B coss(m — 26) + a” B cos s(m — 2&s + 2€1),

and
¢ =atBt —a Bt —aA +a B,

Wnp1 = — (le sint%_lw + wo 1 Sint%_l(ﬂ' — 2{1) + w31 Sint?l_l(ﬂ' — 2{2)

+w471 sin tgfl(ﬂ' — 252 + 251))/ (2t9L*1A170()\9L*1)> s

T &1
wny = a3t (<=3 [attar+ [ aoar) - @B+ 7).
w3 = atp” (—H + ;/g: q(t)dt — /7r q(t)dt> — % (oﬁﬂg — ﬂfag) ,

wy = o 7
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4. Weyl solution and Weyl function

Let the function ®(z, A) be the solution of equation (1.1) which satisfy the boundary
conditions U(®)) = 1 and V(®)) = 0 and jump conditions (1.4)—(1.7). The function
®(x,\) is called the Weyl solution of the discontinuous boundary value problem L.

Let S(z, A) be the solution of equation (1.1) which satisfy the initial conditions S(0, \) =
0, S’(0,\) = 1 and jump conditions (1.4)—(1.7). Then the function ¥ (z, \) can be repre-
sented as follows:

w(% )‘) = (¢,(O> )‘) - hw(()? )‘)) S(.%', )‘) + ¢(0, A)(p(w, )‘)

or

Yz, A) (0, \)
— NOEE S(z,\) — AV oz, A).
Denote BN
M) =— A(;\) . (4.1)
It is clear that
O(z,\) = S(x,\) + M(N)p(z, N, (4.2)
AN
M) = - AN (4.3)
W((p)\,q)/\;l‘) = 1. (44)

The function M () = ®(0, A) is called the Weyl function of the problem L. The notion of
the Weyl function introduced here is a generalization of the Weyl function for the classical
Sturm-Liouville operators (see [13, 24]). Since A(A) and A;(\) have no common zeros,
it follows from (4.3) that M (X) is a meromorphic function with poles {\, },>0 and zeros

{ttn}n>0-

Theorem 4.1. The following representation holds:

1
M\ = _ 4.5
( ) nz:;) 'Yn()‘ - )\n) ( )
Proof. Consider the contour integral
1 M(p) :
IN(A) = — ——d A tT

where the contour I'y is defined by (3.71) and assumed to have the counterclockwise
circuit. Since Aj(N) =1(0, ), it follows from (3.29) that

IAL(N)| < C)s|?elIm. (4.6)
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Also, by virtue of (3.69) and (3.73) we get for sufficiently large values of |s|,
IAN)| > Csls]Pel™™, s e Gs. (4.7)
Now using (4.3), (4.6) and (4.7), we conclude that for sufficiently large values of |s|,

C
M) < ’?‘7 s € Gj. (4.8)

Moreover, using (3.10), (3.18) and (4.3), we calculate

Res M(\) = — 21w _ Fn 1 (4.9)

A=A A(An) AAn)  Tn

In view of (4.8), limy_yo0 JN(A) = 0. By virtue of (4.9) and residue theorem [11, p.112],
we have

N 1

IN(A) =-M(A) + Z =)
nep Im n

and consequently, (4.5) is proved.«

5. Inverse problem

In this section, we investigate the inverse problem of reconstruction of the discontinuous
boundary value problem L from its spectral characteristics. We consider three statements
of the inverse problem of reconstruction of the problem L from the Weyl function, from
the so-called spectral data {\,, vn}n>0, and from two spectra { A\, ttn }rn>0-

Let us prove the uniqueness theorems for the solutions of the above mentioned inverse
problems. For this purpose we agree that together with L we consider a discontinuous
boundary value problem L of the same form but with different coefficients q(z), E, H , H 1,
ﬁg, a1, ao, B1, B2, and discontinuity points & and &. Every where below if a certain
symbol a denotes an object related to L, then the corresponding symbol a denotes the
analogous object related to L.

Theorem 5.1. If M(\) = M(/\), then L = L. Thus, the specification of the Weyl function
M () uniquely determines L.

Proof. Denote Jy = J N .J where J = [0,£1) U (&1, &2) U (&, ). Let us define the matrix
P(x,\) = [Pji(x,\)]jr=12, * € Jo by the formula

Gz, N) Bz, A) | [ el@)) &z, N)
P(iL',)\) [ 6/($7)‘) @/($’A> ] - [ ! : (51)

Using (4.4) and (5.1) we calculate for j = 1,2:



Direct and Inverse Problem the Sturm-Liouville Operator 131

Pjy(z,A) = U™ (2, ) (2, A) — @UD (2, \)F (2, A),
Pjo(x,A) = U= (2, )@z, A) — U~V (2, ) (x, M), o
o(z,\) = Pi1(z, \)@(z, \) + Pra(z, A)@j(x, A), 55
Bz, \) = Ppy(z, N2, \) + Pra(a, N (z, \).

t

It follows from (4.2), (4.4) and (5.2) that

Pz, ) = 1+ @DX’E’S) (& (2, 0) — (2, \)) + QDXE’S) W (z, ) — 9/ (z, )

o, N () (A}A) - 5@) ,

Pua(r.) = 57 (6@ 0@ 3) = vl N3, 3)

o, N @z, ) (AEA) - 5;)) .

Denote GY = G5 N Gs. By virtue of (3.20)—(3.22), (3.29)—(3.31) and (4.7), this yields

lpll(xa/\)_l‘ §§7 g?
s s

for sufficiently large values of |s|. On the other hand according to (4.2) and (5.2),

|Pia(z, \)| < se QY. (5.4)

Pia(aA) = ol ) () = S(a ) (,3) + () = MO, ) (2, ),
PIQ(x7 )‘) - S((I}, A)&(l‘, /\) - 90(x7 )‘)S(wv )‘) + (M(/\) - M()‘> (p(&?, )‘P( )

Since M (\) = M(A), it follows that for each fixed = € Jy, the functions Pj;(x, ) and
Pia(z, A) are entire in A\. With the help of (5.4) and well-known Liouville’s theorem, this
yields Pii(z,\) = 1, Pia(z,A) = 0. Substituting into (5.3), we get ¢(x,\) = p(z, N),
P(x,\) = 5(:6 )\) for all z € Jo and A. Taking this into account, from (1.1) we get
q(z) = q(v) a n (0,7), from (3.1) and (3.4) we obtain h = h, H = H, Hy = Hj,
Hy; = Ho, and from (1.4)—(1.7) we conclude that a; = a;, B; = B, & = & (1 = 1,2).
Consequently, L = L.«

Theorem 5.2. If \, = Xn and vp, = Y for allm > 0, then L = L. Thus the problem L
uniquely defined by spectral data {An,Yn}n>0-

Proof. If Ay = A\, and v, = 3, for all n > 0, then from (4.5), we get that M()\) = M()\)
Hence by virtue of Theorem 5.1, this implies L. = L.«
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Theorem 5.3. If \,, = Xn and by, = iy for allm >0, then L = L. Thus the specification
of two spectra { A, pinn>0 uniquely determines L.

Proof. According to Theorem 3.12 and Remark 3.13, the sets {A\,}n>0 and {un}n>0
coincide with the set of zeros of the functions A(X) and A;()\), respectively. If A, = A,
and fin, = i, for all n > 0, then from (3.95) and (3.99) we get

AN & AN &

==, ==, 5.5
A()\) Co Al()\) C1 ( )
On the other hand using (3.29) and (3.69) we obtain
. AN atgt o
Imlérgoo AQ) ot it for args = 5 (5.6)
AN atpt o
Imlérgoo N for args = 5 (5.7)

Comparing with (5.5), this yields
o O
Co - C1 '

Together with (4.3) and (5.5) this implies that M (\) = M()\) Therefore, by Theorem 5.1
we conclude that L = L.«

Remark 5.4. By virtue of (4.3), the specification of two spectra { A, fin}n>0 s equiva-
lent to the specification of the Weyl function M(X). On the other hand, it follows from
(4.5) that the specification of the Weyl function M () is equivalent to the specification of
the spectral data {An,Vn}n>0. Consequently, three statements of the inverse problem of
reconstruction of the problem L from the Weyl function, from the spectral data and from
two spectra are equivalent.
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