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Inequalities for Convolutions of Functions on Commuta-
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Abstract. The generalized Young inequality on the Lorentz spaces for commutative hypergroups
is introduced and its application to the theory of fractional integrals is given. The boundedness on
the Lorentz space and the Hardy-Littlewood-Sobolev theorem for the fractional integrals on the
commutative hypergroups are proved.
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1. Introduction and preliminaries

It is known that a convolution of two functions on R" is defined by

f e g(x) = / f(& — w)g(y)dy.
J

Classical Young’s inequality on the LP(R™) spaces for the convolution of two functions
on R" states that if f € LP(R") and g € LI(R"), then

1S *5m gllr < Cllfllpllgllg:

where p,q € [1,00] and % + % =141
The generalized Young inequality gives us the boundedness on the Lorentz spaces for
the convolution of two functions on R™.

1 1
Theorem 1. ( [10] Theorem 2.10.1 ) If f € LP»% (R"™), p € LP>% (R") and — + — > 1,

p1 P2
1 1 1
then (f * ) € LPo% (R™) | where — + — — 1 = — and qo > 1 is any number such that
b1 P2 bo
1 1 1
— >
92 4o
Moreover,

1(f * D) 5.p0.00 < 3P0l f Il pr.a1 11|56 205
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An extension of the Young inequality to the convolution

f#ag(x /fxy “Hduly),

where p is the Haar measure on local compact group G, was given in [6](see Theorem
20.18 in [6] ).

In the theory of locally compact groups there arise certain spaces which, though not
groups, have some of the structure of groups. Often, the structure can be expressed in
terms of an abstract convolution of measures on the space.

A hypergroup (K, ) consists of a locally compact Hausdorff space K together with
a bilinear, associative, weakly continuous convolution on the Banach space of all bounded
regular Borel measures on K with the following properties:

1. For all z,y € K, the convolution of the point measures d, *x 6, is a probability
measure with compact support.

2. The mapping K x K — C(K), (x,y) +— supp (0 *x 0y) is continuous with respect to
the Michael topology on the space C(K) of all nonvoid compact subsets of K, where
this topology is generated by the sets

Uyw={LeCK): LNV #2,LCW}
with V, W open in K.
3. There is an identity e € K with §, xg 0, = 0, i 6. = d; for all x € K.
4. There is a continuous involution ~ on K such that
(0g *K 0y)~ = Oy~ * ¢ O~
and e € supp(d; *i 0y) © x =y~ for z,y € K (see [7], [8], [2]).

A hypergroup K is called commutative if §, xx 6y, = 6, *xx 0, for all z,y € K. It is well
known that every commutative hypergroup K possesses a Haar measure which will be
denoted by A (see [8]). That is, for every Borel measurable function f on K,

/f5 *p 0y )dA(y /f )dA(y) (z € K).

Define the generalized translation operators T%, x € K, by

_ / Fd(S, %k 5,)
K

for all y € K. If K is a commutative hypergroup, then 7% f(y) = TY f(x) and the convo-
lution of two functions is defined by

f o pla) = / T f (y)p(y™)dA(y).

K
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Note that f g ¢ = @ *xg f.
For 1 < p < o0, the Lebesgue space LP (K, \) is defined as

LP (K,\) = {f : fis A-measurable on K, || f||x,p, < oo}

where || f||x,p is defined by

(l{\f )P A (z ),if1<p<oo

ess sup f(x), if p=oo0.
zeK

|fHK,p

Let 1 <p <oo. If fisin L? (K, \) and ¢ is in L' (K, \), then the function f *x ¢ belongs
to LP (K, \) and

1f *x ellrp < [ fllxplellxa

Let f be a A-measurable function defined on the hypergroup K. The distribution function
Ay of the function f is given by

Ar(s) =Mz :x e K,|f(x)] > s}, for s > 0.

The distribution function A is non-negative, non-increasing and continuous from the right.
We associate to the distribution function the non-increasing rearrangement of f on [0, c0)
defined by

fE(t) =inf{s > 0: A\¢(s) <t}

Some elementary properties of Ay and f*¥ are listed below. The proofs of them can be
found in [1].

(1) If Ay is continuous and strictly decreasing, then f*¥ is the inverse of Af, that is
fre= )

(2) f*X is continuous from the right.

3)
mypk (s) = Af(s), forall s >0,

where m«x is a distribution function of the function f*% with respect to Lebesgue
measure m on (0, 00).

(4)

s =0+ [ as)ds 1)
fEK(t)

o —
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(5) If fe LP(K,\),1<p< o0, then

Qf )P dA (x ;: p75p1/\f(s)ds 5: 7(f*K(t))pdt 5.

0 0

Furthermore, in the case p = oo,

esssup f(z) =inf{s: A\f(s) = 0} = f*%(0).
zeK

K will denote the maximal function of f*X defined by

1
**K -
/ ot

t
/ % (u)du, for t > 0.
0
Note the following properties of f**¥:

(1) f**¥ is nonnegative, non-increasing and continuous on (0,00) and f*kK < f**x&.

(2

(3') If |fu] 1 |f] Maee., then fro 4 foor.
For 1 <p < oo and 1 < g < oo, the Lorentz space LP4 (K, \) is defined as

LP9 (K, \) = {f : fis A\-measurable on K, || f|| k- p.q < 00}

where || f|| k p,q is defined by

1

Tk LAY
f(tpf**K(t)) T, 1<p<oo,1<g<
1fllxpq = { \O
supt» f*K(t), 1<p<oo,g=00
>0
Note that if 1 < p < oo then LPP (K, \) = LP (K, \). Moreover,
1fllsp < 1fllgp0 < P11l p, (2)
P 1 <p<oo,
where p’ ={ p—1
1, p = 0.

For p > 1, the space LP"*° (K, \) is known as the Marcinkiewicz space or as Weak LP (K, \).
Also note that LY (K, \) = L' (K, \).
Ifl<p<ooandl<qg<r< oo, then

LP9(K,\) C LP7 (K, \).
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Moreover

1
P

1 llpr < (%) 1l 3)

The Young inequality on Lebesgue spaces for compact commutative hypergroups was
introduced in [9]. The generalized Young inequalities on the Lorentz spaces for Bessel and
Dunkl convolution operators were introduced in [3] and [5], respectively.

In this paper we establish the generalized Young inequality on the Lorentz spaces for
commutative hypergroups and give its application to the theory of fractional integrals.
The boundedness on the Lorentz spaces of the fractional integrals on the commutative
hypergroups is proved. We also prove the Hardy-Littlewood-Sobolev theorem for the
fractional integrals on the commutative hypergroups.

Q=

2. Lemmas

Lemma 1. Let f and ¢ be A\-measurable functions on the hypergroup K where sup |f(z)| <

zeK
B and f wvanishes outside a measurable set E with A(E) = r. Then, fort >0,
(f *x @) (t) < Bre™*(r) (4)
and
(f x5 @) (t) < Bre™ (1) (5)

Proof. Without loss of generality we can assume that the functions f and ¢ are
nonnegative. Let h = f xx ¢. For a > 0, define

() = {so(a:), if p(x) < a
¢ a, if p(x) > a,

() = p(x) — pa(2).
Also define functions h; and ho by

h = f*g oo+ f*x ©" = h1 + ha.

Then we have the following three estimate:

o (o)
sup ha() < sup f(@)lle®llx1 < B / / Ao (3)ds, (6)
reK reK
0 a
sup 1 (2) < ||l sup wa(@) < Bra, (7)
reK zeK

and

sup hafe) < [ lcallellca < 6 [ Agls)ds. ®

zeK
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Now set a = ¢J(r) in (6) and (7). Then we obtain

t
1
W) = 1 [ B (s)ds < o < Wonllicoe + o
0

< Brox(r)+ 5 / Ap(s)ds,
P (r)
and using (1) we have the inequality (4).

Let us prove the inequality (5). For this purpose set a = ¢j}-(t) and use (7) and (8).
Then

¢ t ¢
th* K (t) = /h*K (s)ds < /hTK(S)dS + / h3¥ (s)ds
0 0 0

t

< tllhafl 00 + /hSK(S)dS = tl|h[K.c0 + tllh2l 1

0
< tBroy(t) + Brt / Ap(s)ds
k(1)

= 0Brt | o) (t) + / Ap(s)ds | = Brip™ K (t).

YK (1)

<

Lemma 2. Let f and ¢ be A-measurable functions on hypergroup K Then for all t > 0
the following inequality holds:

oo

(f x5 )™ (1) S EfE ()™ (E) + / fic(s)¢ic(s)ds.

t

(9)

Proof. Without loss of generality we can assume that the functions f and ¢ are
nonnegative. Let h = f #x ¢ and fix ¢t > 0. Select a nondecreasing sequence {s,,}7% such
that so = fi(¢), li = li =0.

2 s = Jict), Bip on = o0, Lim, on =0
Also let

+oo
fl@)=>" falw),

n=—oo
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where

0, if f(z) < sp—1
fn(w) = f(l‘) —Sp—1 i sy < f(l') < sp,
Sp — Sp—1 if s, < f(x).

Since the series {s,} T converges absolutely we have

+oo
h= /T”“"go(y) < Z fn(y~)> dA(y)

e n=—o00
+00 +oo

=) /T%(y)fn(yN)dA(y)z > (faxk ).
n=—00 j- n=—o00

Define functions hy and hs by

0

+oo
h:Z(fn*KSO)'i_ Z (fn*KSO):h1+h2'
n=1

n=—oo

Estimate hy"¥ (¢). For this purpose use the inequality (5) with E = {z : f(z) > s,_1} and
8 =8p — Sp_1. We have

+oo
WY () < D (ki ) ™5)
n=1
+oo
< Z(Sn - Sn—l))‘f(sn—l)(p**l( (t)
n=1

+oo
= Q" K(1) Y Ap(sn-1)(sn = $n-1)-
n=1

Hence
[o¢]

W0 <00 [ Agts)ds (10)
Tk @)
To estimate hy ¥ (t) we use the inequality (4):

0

R < Y (i 9)™")

n=—oo

+oo
<3 (5 = S0 DA (50-1)@™ " (Mg (50-1))
n=1

+00
= Z Ap(8n-1)0" (Af(5n-1)) (50 — Sn—1)-
n=1
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This implies that
Fi (®)

B (1) < / Ap(8)67 K (A (8))ds. (11)
0

We will estimate the integral on the right-hand side of (11) by making the substitution
s = f{ (&) and then integrating by parts. In order to justify the change of variable in the
integral, consider a Riemann sum

+oo
> A p (500 (A ($0-1)) (80 — 501)-
n=1

that provides a close approximation to

i@
/ A(5) 9™ (Af (5))ds.
0

By adding more points to the Riemann sum if necessary, we may assume that the left-hand
end point of each interval on which A; is constant is included among the s,. Then the
Riemann sum is not changed if each s, that is contained in the interior of an interval on
which Ay is constant, is deleted. It is now an easy matter to verify that for each of the
remaining s, there is precisely one element, &,, such that s, = f*%5(&,) and A (f*5(&,)) =
&n. Therefore

+oo
D A (a9 (A (s0-1)) (80 — $n-1)-
n=1

+oo
=3 b1 () ([ (&) — [ (Enmr))
n=1

which, by adding more points if necessary, provides a close approximation to

- / EG7 K (E)df R ().
t
If we recall (11) we get
fAKE(t) 00
By () < / ()™ (g (s))ds = — / EG7H (€)df < (€). (12)
0 t

Now let 0 be an arbitrarily large number and choose §; such that t = & < & < ... <
£j+1 =¢. Then
5™ (0) [ (8) — @™ (1) f7H(2)
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Enr1 " (Entr) (F7 (Ena1) — ()

- 11~

f*K (gn) ( e (fn-l—l)gn—l—l *K (gn)gn)

+

i
L

En10™  (Eng1) (F 5 (Enrr) — 5 (&n))

M)~

S
Il
—

§n+l

+Z&&/ *(r)dr
én

J

Z Ent19™ (En1) (fF (En1) — [ (&n))

+ Z f*K (571)90*[{ (fn) (§n+1 - gn) .
n=1

This means that

) )
5™ (86) 75 (8) — g™ (1) £ (1) / Eo™ (€)X (€) + / FE(E) "€ dE
t

t
Now we estimate the expression 0™ (§) f*K(0) — t™ K (t) f*5 (t) below.
(

0™ (8) fH(8) — ™ (£) f75 (1)

3 6 6) (5 ) — 1560

n=

[y

S Ent1) (@7 (Ent1)nt1 — @7 (6n)En)

+
-

= D7 6™ (6) (F* (§a1) = £ (60))

n=1
j En+1
F PR [ e
n=1 €n

J
>3 6™ (&) (£ i) — £5(60))
n=1

(13)
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J
+ Z f;((gnJrl)SO*K (£n+1) (§n+1 - gn) .

n=1

In other words
é 1
Sp™ () fTR(O) — L™ (1) [T (t) > /fw**K(é)df*K(i)+/f*K(§)90*K(§)d§- (14)
t t

From (13) and (14) we obtain

)

§
—/éw**K(f)df*K(i) =t () () — 0™ (6) f(0) +/f*K(§)90*K(§)d§-

t

é
< b )+ / PR (e
¢
Thus

/iw**K §)df* (&) <t (£) f( +/f*K

By using this inequality and (12) we have

frE ()

WO [ MO s)ds <t OO + [ £ NG
0 t

Finally, from (10), (15) and (1) we get

W) < bR (E) + By (1)

o0 oo
f* K(t t

=[O @) + [ [ (§)dE

\8

= tfTE T () + [ )P (§)dE.
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Lemma 3. Let f and ¢ be A\-measurable functions on hypergroup K. Then for allt > 0
the following inequality holds:

(f 5 0)™" ( f7E(s)p™ (s)ds (16)
<

Proof. Assume that the integral on the right of (16) is finite. Then it is easy to see
that
sfE(s)p™ K (s) = 0, as s — o0. (17)

Let h = f xx .
By Lemma 2 we have

W) < LR )™ (1) +/f*K(8)90*K(8)d8
t

<efR@e )+ [ 1)) ds (18)
t
Since f**K and ¢g**¥ are non-increasing,
e / PR+ ) = L (R 6) - ), (19)
AN o) 5 (5 (0 - 6D ) = 9 o (20)

for m-almost all s. Since f**¥ and g¢g"*K are absolutely continuous, we may use the
integration by parts for Tf**K(s)d(sgo**K(s)). Using (19), (20) and (17) we obtain
t
[e.e]
/ £ () (5)ds — / e () (5 ()
t
o0

[ (s)sp™ (5) [ - / 5™ K (3)df < (s)

t

= —tf ()T (1) +/90**K(8)(f**K(8) — [ (s))ds
t

< —tfTE ()T (t)+/90**K(8)f**K(8)d8 (21)
t
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By (18) and (21) we have

B (1) < / [ (5) g™ (s)ds.
t

The next lemma is a classical estimate, known as Hardy’s inequality.

Lemma 4. If1 < p < oo, ¢ >0 and f is a nonnegative m-measurable function on (0,00),
then

0 s p 0
/ é / Frydr | sPalds < <§>q / FOPE-T1dt, (22)
0 0 0

3. Generalization of Young’s inequality

1 1
Theorem 2. If f € LPVT (K, \), ¢ € LP»2 (K, \) and — + — > 1, then (f xx ¢) €

pP1 P2
1 1 1 1 1 1
Lro% (K, \) where — 4+ — — 1= — and gy > 1 is any number such that — + — > —.
p1 P2 Po qr 42 d0
Moreover,
I *x @)l K.po,ao < 3Pollf | & p1.q 1]l 5 p2.go- (23)

Proof. Let h = f xx .
Suppose that ¢1, g2, qo are all different from oco. Then, by (16), we have

o
(Il = [ (57005 (5))"
0
[ [ qd
1
< [ [ e | ©

0 s

o] t q
:/ S /f**K (l) g <l> dn ) dt
T e 2 :
70 n n)n t
0 0
. . . 1 1 .
The last equality was obtained by the change of variables s = n and 7 = —. Using (22)
n
o0 t q
(2 [ () (B 22)
T 2
) n n)n t
0 0

o0 *k 1 *k 1 qo0
<pgo/<t1;0f (D) K(z)) dt
0

we get
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=l [ (Mo )"
0

S

1

The last equality was obtained by the change of the variable ¢t = —. Since £l + £l > 1,
s a Q2

one can find positive numbers ny and no such that

1 1 1 1
R L R [

ny ng ni qr N2 q2

By Holder’s inequality we obtain

(HhHK,po,qo)qO <

[o¢]
1 qon1
< pf / (Sm freE (s)) ?8
0

= pgo (HfHK,pl,qonl)qo (HQOHK,pQ,qonz)qO

Finally, by (3) we have

11
HhHK,po,QO < p0||f||K7p1,QOn1||90||K7p27%n2 < poecee ||f||K7p1,Q1H90HK,p2,QQ < BPOHfHK,plﬂlHSOHK,;DLQT

Similar reasoning leads to the desired result in case one or more of q1, ¢2, qo are co.«

4. Applications to the theory of fractional integrals

N
Consider the following particular case of Theorem 2. If we take p; = N o with
-«

1 1
0o < a < N, gt = oo in Theorem 2, then the condition — + — > 1 is equivalent to
P P2
N 1 1 1
a < —, and the condition — + — — 1 = — is equivalent to — = — — %. Thus we have

b2 b1 P2 Po bo P2
the following result.

Theorem 3. Let (K,xg) be a commutative hypergroup, with Haar measure X. If f €
L (K,)\), p € LPI(K,\), where 0 < a < E, 1<q <o, then (f*xxp) € L™ (K, \)
and P

10 *x @)Kcrg < 3l flle, ~ ollellrpas

1
where — =

<5
==
=|o
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Let K be a set. A function p: K x K — [0,00) is called quasi-metric if:
L op(z,y) =0« z=y;
2. p(z,y) = p(y,2);
3. there is a constant ¢ > 1 such that for every x,y,z € X
plz,y) <clp(z,2)+p(zy)).

Define the fractional integral (or Riesz potential)

zumaz/T%@ww*%@vw@xo<a<N
K

on commutative hypergroup (K, *x) equipped with the pseudo-metric p.
Also define a ball B(e,r) ={y € K : p(e,y) < r} centered at e with a radius r.

Theorem 4. Let (K,xg) be a commutative hypergroup, with quasi-metric p and Haar
measure \ satisfying A\B(e,r) = Ar"Y, where A is a positive constant. Assume that 1 <

N
g<o0,1<p<oo,0<a<—. If fe LP1(K,\). Then I,f € L™ (K,\) and
p

oS xrq < Cllfllpa

1 1 3rN —a
where—:——gcde:r— NN.
r p N «

Proof. Let us show that p(e, )N ¢ LN (K, \). For the distribution of p(e, -)*~~
we can write

Apeyye-n(t) =Mz 1w € K, ple,)*™ N >t}

Py
=Mz:xz € K,ple,x) <tﬁ} — Ateow.

Since p(e, ) is continuous and strictly decreasing, we have (p(e,-)*~V )*K is the inverse

a—N

* t\ ~
of the distribution function. That is (p(e, - )* )™ (t) = (Z) . Then

t a—N
1 s\ N [(t\ ¥
. a— N\ **K i < N _ e
o=t % w2 ()
0
N
Therefore p(e,)* N € L¥=a"> (K, )\) and
N —a
lote, )Nl o= AN

Thus, from Theorem 3 we have the required result.«
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Theorem 5. Let (K,*xg) be a commutative hypergroup, with Haar measure \. If f €
N N

L (K,\), p € LP (K, ), where 1 <p < oo, 0 < a < —, then (f xx ¢) € L" (K, \)
p

and
1 1

p p T
07w @)l <32 (T)7 7 1 e ool

1 1 «
where — = — — —.
r p N

(2

Proof. From (2), (3) and (23) we have

_1

1S #xc @llicr < I 2 Dl < (B)77 N 1 s

11 1_1

P\5 7 P_ (B>
<3 (7)ol < 3L ()7 T Al v scllelicn

The assertion following result give us the Hardy-Littlewood-Sobolev theorem for the
fractional integrals on the commutative hypergroups.

Theorem 6. Let (K,xg) be a commutative hypergroup, with quasi-metric p and Haar
measure \ satisfying A\B(e,r) = Ar"Y, where A is a positive constant. Assume that 1 <

N
p<oo,0<a<—. If fe LP(K,\), then I,f € L" (K, )\) and
D

Hafllrer < Cllf Ik ps

11
where 1 = 1 o« and C = 3pr (E)p ! ﬁANJGQ.
r p N p—1\r «

Proof. This follows immediately from Theorem 5 and (4).«
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