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Marcinkiewicz Integrals with Rough Kernel Associated
with Schrodinger Operator on Vanishing Generalized Mor-
rey Spaces

Ali Akbulut*, Okan Kuzu

Abstract. Let L = —A + V be a Schrédinger operator, where A is the Laplacian on R", while
nonnegative potential V' belongs to the reverse Holder class. In this paper, we study the bounded-
ness of the Marcinkiewicz operator with rough kernels associated with Schrédinger operator Nfg
on vanishing generalized Morrey spaces VM, ,(R™). We find the sufficient conditions on the pair
(¢1, p2) which ensure the boundedness of the operators Miﬂ from one vanishing generalized Morrey
space VM, ,, (R™) to another VM, ,,(R"), 1 < p < oo and from the space VM1 o, (R™) to the
weak space WV M ,, (R™).
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1. Introduction

The classical Morrey spaces were originally introduced by Morrey in [22] to study the
local behavior of solutions to second order elliptic partial differential equations. For the
properties and applications of classical Morrey spaces, we refer the readers to [6, 9, 14, 22].
The classical version of Morrey spaces is equipped with the norm

A
[ flla, == sup supr™ || fllL,(B,)> (1)
z€R” r>0
where 0 < A < n and 1 < p < co. The generalized Morrey spaces are defined with r*
replaced by a general non-negative function p(z,r) satisfying some assumptions.
The vanishing Morrey space V' M,, » in its classical version was introduced in [29], where
applications to PDE were considered. We also refer to [4] and [23] for some properties of
such spaces. This is a subspace of functions in M, x(R"), which satisfy the condition

_2
Yimy sup ¢ 7| fllLy (50 = 0- (2)
0<t<r
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The main purpose of this paper is to study vanishing generalized Morrey spaces
V M, ,(R"™) (see Definition 2) and prove the boundedness of the Marcinkiewicz operator
with rough kernel ,uf’Q on VM, ,(R") spaces..

Suppose that S"~! = {z € R" : |z| = 1} is the unit sphere of R” (n > 2) equipped
with the normalized Lebesgue measure do = do(z').

In [27], Stein defined the Marcinkiewicz integral for higher dimensions. Suppose that
) satisfies the following conditions.

(1) Q is a homogeneous function of degree zero on R"™. That is,

Q(tz) = Q(z) (3)

for all £ > 0 and =z € R".
(i) € has a mean zero on S"~ 1. That is,

/n—l Q(2")do(2") = 0, (4)

where 2’ = x/|z| for any x # 0.
(i3i) Q€ Li(S™ ).
The Marcinkiewicz integral operator of higher dimension ugq is defined by

ho(f)(x) = ( / N \Fg,t<f><x>|2dt> "

3
where o )
r—Yy
Fau(f)(x) = / o1/ (W)dy.

e—yl<t [z —y[*!
Remark 1. We easily see that the Marcinkiewicz integral operator of higher dimension
ua can be regarded as a generalized version of the classical Marcinkiewicz integral in the
one dimension case. Also, it is easy to see that uq is a special case of the Littlewood-Paley

g-function if we take
g(x) = Q") |z| "y, ., ().

We say that Q € Lip,(S™!), 0 < a < 1 if there exists a constant C' > 0 such that
1Q(2") — Qy)| < Clz’ — /| for all 2,y € S* L.

In [27], Stein proved the following results.
Theorem 1. Suppose that Q satisfies (3).

(a)  IfQ € Li(S™ 1Y) and Q is odd, then ugq is bounded on L,(R™) for 1 < p < cc.

(b)  If Q satisfies (4) and Q € Lip,(S™1), 0 < a < 1, then uq is of weak type (1,1).
That is, there exists a constant C' such that for any t > 0 and f € L1(R"),

C
o e R pa(f)@) >0 < 5 [ If@lda.

(¢)  If Q satisfies (4) and Q € Lip,(S™1), 0 < a < 1, then ugq is of type (p,p) for

1 <p < 2. That is, there exists a constant A, such that for any f € L,(R"),

e (Hllz, < Ap I fllL, -



42 A. Akbulut, O. Kuzu

The L, boundedness of po has been studied extensively. See [3, 20, 27, 28], among
others. A survey of past studies can be found in [7]. Recently the following result was
obtained in [2] and [10].

Theorem 2. Suppose that Q satisfies (3) and (4). If
Q e Llog™ L)/2(s"7Y), (5)
then pq is bounded on Ly(R™) for 1 < p < oo and if
Q€ L(log" L)(S" 1), (6)
then pq is bounded from Li(R™) to W L1(R™). The exponent 1/2 is the best possible.

The following theorem was proved in [5] for p =1 and in [21] for 1 < p < 0.

Theorem 3. Suppose that Q satisfies (3). If Q € Li(S™'), then Mg is bounded on
Ly(R™) for 1 < p < oo and if Q2 satisfies the condition (6), then Mq is bounded from
Ll(Rn) to WLl(Rn)

Corollary 1. Let 1 < p < 00 and Q € Ly(S"1), 1 < ¢ < co. Then, for p > 1 Mg is
bounded on L,(R™) and for p =1 from Li(R"™) to W L;(R").

On the other hand, the study of Schrodinger operator . = —A + V recently attracted
much attention. In particular, Shen [25] considered L,, estimates for Schrodinger operators
L with certain potentials which include Schrédinger Riesz transforms R]L = %L‘é,
j = 1,...,n. Then, Dziubaniski and Zienkiewicz [8] introduced the Hardy type space
H}(R™) associated with the Schrédinger operator L, which is larger than the classical
Hardy space H'(R™).

Similar to the classical Marcinkiewicz function, we define the Marcinkiewicz functions
4.0 associated with the Schrodinger operator L by

phat@ = | [

where K]-L(a:,y) = K]L(a:,y)|x—y| and KlLim,y) is the kernel of R; = %L‘ij =1,...,n.
In particular, when V = 0, KjA(fz:,y) = KJA(az,y)|x -yl = wi/lrl yng KjA(a:,y) is the

lz—y[n=1

2 1/2
dt
t_3 )

/— \<t‘Q(x_y)‘KJ'L($7y)f(y)dy

kernel of R; = %Afé, j=1,...,n. In this paper, we write K;(z,y) = KjA(:z:,y) and

piaf(z) = /0°°

Obviously, pu; are classical Marcinkiewicz functions. Therefore, it will be an interest-
ing thing to study the properties of ,u]LQ The main purpose of this paper is to show

1/2

2
/l— |<t|Q($_y)|KJ(xay)f(y)dy
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that Marcinkiewicz integrals with rough kernel associated with Schrodinger operators
are bounded from one vanishing generalized Morrey space VM, ,, to another V.M, ,,,
1 < p < o0, and from the space V.M, to the weak space WV My ,,.

Note that a nonnegative locally L? integrable function V' (z) on R™ is said to belong to
B, (1 < g < 00) if there exists C' > 0 such that the reverse Holder inequality

1/q
: q 1
(W B(z,r) v (y)dZJ) =€ <|B(Q:7 )| /B(x,r) V(y)dy) (7)

holds for every ball z € R™ and r > 0, where B(z,r) denotes the open ball centered at x
with radius r; see [25]. It is worth pointing out that the B, class is that, if V' € B, for
some ¢ > 1, then there exists € > 0, which depends only on n and the constant C' in (7),
such that V' € B, .. Throughout this paper, we always assume that 0 # V € B,,.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A &~ B and say that A and B are
equivalent.

2. Vanishing generalized Morrey spaces

Definition 1. Let ¢(x,r) be a positive measurable function on R x (0,00) and 1 < p < oo.
We denote by M,, , = M, ,(R") the generalized Morrey space, i.e. the space of all functions
fe L;JOC(]R”) with finite quasinorm

£z, = sup @@, )" I fllL, (Br))-
z€R™,r>0

Also by WM, , = WM, ,(R") we denote the weak generalized Morrey space of all functions
fe WL%,OC(R”) for which

I fllwa,., = $61§28>0¢(x’r)_1 1w LBy < 0o

where W L,(B(x,r)) denotes the weak Ly-space consisting of all measurable functions f
for which

1 fllwL,B@r) = 1 Xpem W@y < oo

Also the spaces L;OC(R”) and WL%,OC(]R”) endowed with the natural topology are defined
as the sets of all functions f such that fx, € L,(R") and fx, € WL,(R"™) for all balls
B C R", respectively.

According to this definition, we recover the Morrey space M,  and weak Morrey space

A—n

W M,  under the choice p(x,r) = rr o

Mp = My,

A
o(a,r)=rP ’ p(z,r)=r
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Let f € L°°(R™). The Hardy-Littlewood maximal operator with rough kernel Mgq is
defined by

Mo (z) = sup|B(z, 1)~ / 1 — )1 £()ldy.
t>0 B(z,t)

Suppose that T represents a linear or a sublinear operator, such that for any f €
L1 (R™) with compact support and x ¢ suppf

af@)] < [ L0 11y 0
d

where ¢g is independent of f and x.

We point out that the condition (8) was first introduced by Soria and Weiss in [26]. The
condition (8) are satisfied by many interesting operators in harmonic analysis, such as the
Calderon—Zygmund operators, Carleson’s maximal operator, Hardy—Littlewood maximal
operator, C. Fefferman’s singular multipliers, R. Fefferman’s singular integrals, Ricci-
Stein’s oscillatory singular integrals, the Bochner-Riesz means and so on (see [21], [26] for
details).

The following statements, were proved in [19] (see also [16] and for Q = 1 [12, 13, 14,
17]).

Lemma 1. Let 1 < p < 0o, Q € Ly (S" 1), 1 < ¢ < oo satisfy (3). Let also Tq be a
sublinear operator satisfying the condition (8), bounded on L,(R™) for p > 1, and bounded
from L1(R™) to WL{(R™). If p > 1, then for ¢ < p or p < q the inequality

1T fllL,(Bor) S 7“”/2 0 (Blao ) 9)

holds for any ball B(xg,r), and for all f € L;OC(R”).
If p =1, then the inequality

[ee]
I Toflw i Benn) S / ) L (oo (10)

holds for any ball B(xo,r), and for all f € L'*°(R").

Theorem 4. Suppose that Q is homogeneous of degree zero. Let 1 < p < 0o and (1, ¥2)
satisfy the condition

oo ess inf 1 (z, s)
/ t<s<oon dt < C 902(3;7 ’I”)’ (11)
] n
r tp re

where C does not depend on x and r. Let Tq be a sublinear operator satisfying the con-
dition (8), bounded on L,(R™) for p > 1, and bounded from Li(R™) to WL{(R™). Then
the operator Tq is bounded from M, ., to My, for p > 1 and from My, to WMy,,.
Moreover, forp > 1

ITaflryp, S NFlIn, 0,
and forp=1

| Tafllwan e, S N fllan,, -
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From Theorems 2 and 4 it follows

Corollary 2. Let 1 < p < oo, § satisfy the conditions (3), (4) and (¢1,p2) satisfy the
condition (11). If Q satisfies the condition (5), then the operators pq, pjo are bounded
from M, o, to My, for p>1 and if Q satisfies the condition (6), the operators pq, ijo
are bounded from My ,, to WMy ,.

From Theorems 3 and 4 it follows

Corollary 3. Let 1 < p < oo, Q satisfy the condition (3) and (1, v2) satisfy the condition
(11). If 2 € Ly(S™ 1), then Mg is bounded from M, ,, to M, ,, for p > 1 and if Q satisfies
the condition (6), then Mgq is bounded from My, to WMy ,,.

Corollary 4. Let 1 <p < 00, Q € L,(S" 1), 1 < g < oo and (1, p2) satisfy the condition
(11). Then the operators pq, pja and Mo are bounded from M, o, to M, ,, forp > 1
and from My ,, to WMy ,.

Definition 2. The vanishing generalized Morrey spaces VM, ,(R™) are defined as the
spaces of functions [ € LLOC(R”) such that

lim sup o(@,m) " I fllL, (Bar) =0 (12)

=0 zeR

Everywhere in the sequel we assume that

tﬂ
lim ——— = 0, (13)
t—0 gp(m, t)
and
tp

sup < 00, (14)

0<t<oo P(T,1)

which makes the space VM, ,(R") non-trivial, because bounded functions with compact
support belong then to this space. The vanishing spaces V M, ,(R") are Banach spaces
with respect to the norm (see, for example [24])

Ifllva,, = sup (@) " I fllL,(Bar)- (15)
z€R™,r>0

3. Marcinkiewicz operator i, in the spaces VM,

In this section, we prove the boundedness of the Marcinkiewicz operator ,uﬁg on
V M, ,(R") spaces. For x € R", the function my (x) is defined by

1
pl) >0 {T pn—2 /B(x,?“) Viwdy < }
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Lemma 2. [25] Let V € B, with ¢ > n/2. Then there exists lo > 0 such that

4 e —y\ " _ ply) 2 — g\ /oD
C<l+ f’@‘)) Sp@:)gC(” p(a:)) '

In particular, p(x) ~ p(y) if |x —y| < Cp(z).

Lemma 3. [25] Let V € B, with ¢ > n/2. For anyl > 0, there exists C; > 0 such that

C 1
Kf(]},y)‘ < l‘l‘— ‘n,17
1+ |xfy| y
p(x)

and

Kf(z,y) — Kj(z — y)‘ < C%-

Theorem 5. Suppose that Q satisfies (3), (4) and V' € B,. If Q satisfies the condition
(5), then the operators ,uf,Q, j=1,...,n are bounded on L,(R"™) for 1 <p < oo, and if Q
satisfies the condition (6), then these operators are bounded from Li(R™) to W Ly (R™).

Proof. In the proof we used the idea in [11]. It suffices to show that

phaf(@) < piof(x) + CMof(z), ae z€R, (16)

where Mq denotes the Hardy-Littlewood operator with rough kernel.
Fix x € R" and let r = p(z).

1

2
" d
wose) < | [\ 0e-vitenion g
T—YI>
2\
o d
+ / / p \Q(ﬂf—y)\KjL(ﬂf,y)f(y)dyt—;,f
r z—y|<r
) 2\
e L e it s
r r<|lz—y|<
2\
" d
< [ 1]l ey ~ Kienlma) 5
T—YI>
T 2\
w1 06wl
T—Y|>
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SIS

o dt
s e wikbensa]
r |lz—y|<r
1
2
o I dt
+ 2z —y)| K5 (2, 9)f()dy| 5
r r<|z—y|<t
:E1+E2—|—E3—|-E4.
For Fq, by Lemma 3, we have
vl 0z — )| *
meo| 2] Pl | < CMaf@)
0 |7 Jja—yl<t [z —y["7? t3
Obviously,
Ey < pjaf(x).
For Fs3, using Lemma 3 again, we get
1
=1 26 — )| 2
B[] Wi | <M
r " Jo—y|<r |$_ |n 2 t3
It remains to estimate F4. From Lemma 3, we obtain
e Q dt
mos ol [Chf B 4
r r<|e—y|<t ‘Jj_y‘ t
oo [logz t/7]41 L
<ol | X @) ee-pliel| b
r =0 |z—y|<2kr

1
2dt2
3

< G </Tm‘([10g2;]+1)MQf(x)

0r< [ ot >2dt)
< CMqf(x).

IN

Thus, Theorem 5 is proved. <

47
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Corollary 5. Suppose that Q) satisfies (3), (4) and V € By,. If Q€ Ly(S"1), 1 < ¢ < o0
then the operators qu, Jj =1,...,n are bounded on L,(R"™) for 1 < p < oo, and from
Ll(Rn) to WLl(Rn)

Lemma 4. Let 29 € R", 1 < p < 0o, Q € Ly (5" 1), 1 < ¢ < o satisfy (3), (4) and
Ve B,. If p>1, then for ¢ <p or p < q the inequality

[ee]
Wbl oy S 75 / 3l (Bany dt (17)

2r

holds for any ball B(xo,r), and for all f € L}DOC(R”).
If p =1, then the inequality

o0
I1tf Q fllw L (Blaor)) S ?“"/ N N 2 (B oty A (18)

2r
holds for any ball B(xo,r), and for all f € L¢(R™).

Proof. In the proof we use the idea and technique of Guliyev (see [14], Theorem 6.1).
Note that

196 = e = (

B(0,t)

([ [ o)

~ co]|Ql 1, (s0-1) | B0, 1)1,

w)rdy)

Let p € (1,00). For arbitrary 2o € R", set B = B(xq,r) for the ball centered at x
with radius r, 2B = B(xg,2r). We represent f as

f=h+fy [ =Fxes®), fl)= W)X w, >0

and have
HHﬁQfHLp(B) < HHfolHLp(B) + ‘|H£Qf2||Lp(B)~
Since f1 € Lp(R™), /,L;;’Q fi € Ly(R™), from the boundedness of uﬁﬂ in L,(R™) (see
Corollary 5) it follows that:
b ofille, ) < lufafills, @y S 1L, il @) = 12z, s 1 f L, @8),
where constant C' > 0 is independent of f.

It’s clear that x € B, y € C(QB) imply 3|zo — y| < |z —y| < 2|zo — y|. We get

Oz —y) If W),

@B  |To—y"

bofa(@)] < /
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By Fubini’s theorem we have
Q@ —ylf W, / /
~ xr —
/7(23) |20 — y[" W~ S2B) (9@ =)l 17wl t"“ W
~ Qz —y)||f(y dy—
I . eIl
S e llwlds
2r JB(zo,t) tnt

If ¢ < p, then by applying Holder’s inequality we get

2 - DIIW, - [ ar
Jeos S 1906 = M0 11 50 757

‘J:O_y‘n T
© _1_1 1dt
15y [ Iy B0, O 5 Blan. 01 55

©
<191, 501 / 5 L Banny -

Moreover, for all p € [1,00) the inequality

o
libatall, ) < 190, s / E Nl sen dt
s

is valid. Thus

[e.e]
kol S 190y sm (1 yem + % [

2r

t_5_1||f||Lp(B(xo,t))dt)

On the other hand,

o ©dt
1fllz,c2B) = 7 | fllL,2B) =

n

< [T
ST S i PREeIL

Thus

oo
koAl S 1905 [ F

2r

n

[o¢]
grz/z 2 N Ly (Beo ) dt-
T

If 1 < p < g, then by Minkowski theorem and the Holder inequality we get

o0 a\' \?
s follz, ) < ( /B ( / /B -, |n<x—y>|\f<y>\dytm> da:>

49
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<[ h [ 196 = Dl W) dy
— 9 B(wo.t) Lyp(B) ntl

< |B(ao,r)F / h / 12— )l |F )] dy
2 JB(zo,t) ! tnt

n oo dt
< 19l sty 7 /
2r

HfHL1(B($O7t)) tn+1
B
S t P N Fll L, (Bwost)) dt-
s

Thus

n 0 _n_
ko f il < o / 5 i (Banny -

2r

Let p=1 < s < co. From the weak (1,1) boundedness of ,uf’Q and (20) it follows that

lubofillwie < lefafilwiiey SIlgsy = 1fles)
> dt
< T”/ / f()ldy -
o B(a:o,t)‘ W)l ¢ttt
[o¢]
< o [ g (21)
T

Then by (19) and (21) we get the inequality (18).«

Theorem 6. Let 1 < p < 00,1 <q<o0and ¢ <p orp<gq. Let also Q € Ly(S"1)
satisfy (3), (4) and V € B,,. Then the operators uﬁﬂ, j =1,...,n are bounded from
VMo, to VM, o, if (01,92) satisfies the condition (13)-(14) and

(e}
cs 1= / sup @1 (z,t)t"» Tt < 0o (22)
6 z€Rn"
for every 6 > 0, and
[e.e]
| < o250 (23)
r tp rp

where Cy does not depend on x € R™ and r > 0.

Remark 2. The condition (22) is not needed in the case when o(x,r) does not depend on
x, since (22) follows from (23) in this case.

Proof. The statement is derived from the estimates (17) and (18). The estimation of
the norm of the operator, that is, the boundedness in the non-vanishing space follows from
Lemma 4 and condition (23)

L —1y,,L
g fllvag,,., = IEEEPDO pa(a, )~ 150l 2, (B(x,r)
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s s e [T Il oo
z€R™, >0 T ! ’ tE-H
) e | dt
< osup ol )T e p1(z,1) {901(1‘70 ‘|fHLp(B($07t)) 2
z€R™,r>0 r tr

-1 - o dt
SWlvag, e, sup @a(x,r)""re [ @i(x,1) s
T r p

eR™,r>0

S HfHVMp,gpl N

So we only have to prove that

lim sup o1(x,7) N f LBy =0 = lim sup @o(z,r) MufollL, (B =0 (24)

r—0 cRrn r—=0 zcRrn

To show that sup g02(a:,r)*1||,u£QHLP(B(I,T)) < ¢ for small r, we split the right-hand side

TzeR™
of (17):
902(x7r)_IH:u]I':QHLp(B(:B,T)) < C[Ig(m,r) + Jg(l‘,?“)], (25)
where 6o > 0 (we may take dp > 1), and
I rs " (i £)~L dt
= —— p
o) = ([ et (o1 W ) )

7“% o0 _n_ _
Js(z.7) :=—( JA e 1\|f\|Lp(B<x,t>>>dt>

¥2 (l‘, T) do
and it is supposed that r < §y. Now we choose any fixed §y > 0 such that

sup eu(@ ) fllLsen < 566

where C and Cj are constants from (23) and (25). This allows to estimate the first term
uniformly in r € (0, ) :

sup Cls,(z,r) <
z€R™

, 0<r <.

DO | ™

The estimation of the second term now may be made by the choice of r sufficiently small.
Indeed, thanks to the condition (13) we have

n

rp
o(z,7)’

where ¢;, is the constant from (22). Then, by (13) it suffices to choose r small enough
such that

J5($,T) < CﬁonHVMp#’

n

re 9

sup <
TER? QO(.’E, T) 2650 ||f||VMp,<p ’

which completes the proof.«
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