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Some Shannon-McMillan Theorems for Nonhomogeneous
Markov chains Indexed by a Tree on Generalized Gam-
bling Systems
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Abstract. In this paper, a class of generalized Shannon-McMillan theorems for the nonhomoge-
neous Markov chains field on an infinite tree with respect to the generalized random selection sys-
tem is discussed by constructing a nonnegative martingale. As corollaries, some Shannon-Mcmillan
theorems for the homogeneous Markov chains field on an infinite tree and the nonhomogeneous
Markov chain are obtained. Some results which have been obtained are extended.
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1. Introduction.

A tree is a graph S = {T, E'} which is connected and contains no circuits. Given any
two vertices o,t( 0 # t € T), let ot be the unique path connecting o and ¢. Define the
graph distance d(o,t) to be the number of edges contained in the path ot.

Let T be an arbitrary infinite tree that is partially finite (i.e. it has infinite vertices,
and each vertex connects with finite vertices) and has a root o. For a better explanation
of the infinite root tree T, we take Cayley tree T¢ n for example. It’s a special case of
the tree T, the root o of Cayley tree has N neighbors and all the other vertices of it have
N + 1 neighbors each (see Fig.1).

Let o, t be vertices of the infinite tree T'. Write ¢t < o (o,t # —1) if ¢ is on the unique
path connecting o to o, and |o| for the number of edges on this path. For any two vertices

o, t of the tree T, denote by o At the vertex farthest from o satisfying ¢ At < ¢ and
oAt <t

The set of all vertices with distance n from root o is called the n-th generation of T,
which is denoted by L,,. We say that L, is the set of all vertices on level n. We denote by
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T(™ the subtree of the tree T' containing the vertices from level 0 (the root o) to level n.
Let t(# o)be a vertex of the tree T. We denote the first predecessor of ¢ by 1, the second
predecessor of ¢ by 2, and the n-th predecessor of t by ng. Let X4 = {Xi,t € A}, and let
24 be a realization of X4 and denote by |A| the number of vertices of A .

level 3 t

level 2 1;

level 1 0!

level 0 root o

Fig.1  An infinite tree T o

Definition 1 Let S = {sq, 51,82, } and P(y|z) be a nonnegative function on S>.
Let
P =((P(ylz)), Pylz) > 0,2,y €S.

S Plyle) = 1,

yeS

If

then P is called a transition matriz.

Definition 2  Let T be an infinite tree, S = {sg, 1, S2,- - - } be a countable state space,
and {Xy,t € T} be a collection of S-valued random variables defined on the probability
space (0, F, P). Let

P=(P(x)), z€S8 (1)

be a distribution on S, and
P = (Pa(ylz)), 2,y €5, (2)
be a collection of transition matrices. For any vertex t (t # o,—1), if
P(X: =y| X1, =, and X, for o Nt < 1)

=P(Xy=y|X1, =2)=P,(ylr) teL, Vr,yel (3)

and
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then {Xy,t € T} is called an S-valued nonhomogeneous Markov chain indexed by a tree T
with the initial distribution (1) and transition matrices (2), or a T-indexed nonhomoge-
neous Markov chain.

Definition 3. Let P, = P,(jli) and P = (P(so), P(s1), P(s2),---) be defined as
before, up be a nonhomogeneous Markov measure on (2, F). If

pp (o) = P(zo) (5)

up(@™") = P(oo) [T ] Prtailzr) n>1, (6)

k=1teLy

then pp will be called a Markov chains field on an infinite tree T determined by the
stochastic matrices P,, and the distribution P.
Let u be an arbitrary probability measure, log is the natural logarithmic. Let

fum:—T@H%MXW%. (7)

fn(w) is called the entropy density on subgraph T™) with respect to pu. If p = pp, then
by (6),(7) we have

fal@) = ———[log P(Xo) + 3 3 log P(X|X1,). (8)

7] b=t el

The convergence of f,(w) in a sense (Lj convergence, convergence in probability,
or almost sure convergence) is called the Shannon-McMillan theorem or the asymptotic
equipartition property(AEP) in information theory. There have been some works on limit
theorems for tree-indexed stochastic processes. Benjamini and Peres [1] have given the
notion of the tree-indexed Markov chains and studied the recurrence and ray-recurrence
for them. Berger and Ye [2] have studied the existence of entropy rate for some stationary
random fields on a homogeneous tree. Ye and Berger (see [4],[5]), by using Pemantle’s
result [3] and a combinatorial approach, have studied the Shannon-McMillan theorem
with convergence in probability for a PPS-invariant and ergodic random field on a ho-
mogeneous tree. Yang and Liu [8] have studied a strong law of large numbers for the
frequency of occurrence of states for Markov chains field on a homogeneous tree (a partic-
ular case of tree-indexed Markov chains field and PPS-invariant random fields). Yang (see
[6]) has studied the strong law of large numbers for frequency of occurrence of state and
Shannon-McMillan theorem for homogeneous Markov chains indexed by a homogeneous
tree. Recently, Yang (see [13]) has studied the strong law of large numbers and Shannon-
McMillan theorem for nonhomogeneous Markov chains indexed by a homogeneous tree.
Huang and Yang (see [11]) have also studied the strong law of large numbers for Markov
chains indexed by an infinite tree with uniformly bounded degree. Peng and Yang have
studied a class of small deviation theorems for functionals for arbitrary random field on a
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homogeneous trees (see[14]). Wang has also studied some Shannon-McMillan approxima-
tion theorems for arbitrary random field on the generalized Bethe tree (see[9]). Afterward,
some scholars have investigated all kinds of applications of Shannon-McMillan theorems
in the economic management and optimization controls (see[15-18]).

Definition 4.  Let {fn(x1, -+ ,xn),n > 1} be a sequence of real-valued functions
defined on S™(n = 1,2,---), which will be called the generalized selection functions if
{fn,n > 1} take values in an arbitrary interval of |a,b] (a,b € R). We let

Yo =y (y is an arbitrary real number),

Y;f = f‘t|<X1taX2t7"' 7X0)7 ’t’ 2 17 (9)

where |t| stands for the number of the edges on the path from the root o to t. Then
{Yi, t e T(”)} 1s called the generalized gambling system or the generalized random selection
system indezxed by an infinite tree with uniformly bounded degree. The traditional random
selection system {Yy,, n >0} 1% takes values in the set of {0,1}.

We first explain the conception of the traditional random selection, which is the crucial
part of the gambling system. We give a set of real-valued functions f,(x1,- - ,z,) defined
on S"(n =1,2,---), which will be called the random selection functions if they take values
in a two-valued set {0,1}. Then let

Yo = y(y is an arbitrary real number),

Yn+1:fn(X1a"' 7Xn)> n > 0.

{Y,,,n > 1} is called the gambling system (the random selection system).

In order to explain the real meaning of the notion of the random selection, we consider
the traditional gambling model. Let {X,,n > 0} be a nonhomogeneous Markov chain,
and {gn(7,y),n > 1} be a real-valued function sequence defined on S2. Interpret X,
as the result of the nth trial, the type of which may change at each step. Let u, =
Ygn(Xn—1,Xy) denote the gain of the bettor at the nth trial, where Y, represents the
bet size, gn(Xp—1,X,) is determined by the gambling rules, and {Y,,n > 0} is called
a gambling system or a random selection system. The bettor’s strategy is to determine
{Yn,n > 1} by the results of the last two trials. Let the entrance fee that the bettor
pays at the nth trial be b,. Also suppose that b, depends on X, 1 as n > 1, and by is a
constant. Thus >, Yugr(X,_, Xi) represents the total gain in the first n trials, > by
the accumulated entrance fees, and Y [YVigr(X, _;, Xi) —b,] the accumulated net gain.
Motivated by the classical definition of ”fairness” of game of chance (see Kolmogorov[10]),
we introduce the following definition:

Definition 5. The game is said to be fair, if for almost allw € {w : > 77, Vi = oo},
the accumulated net gain in the first n trial is to be of smaller order of magnitude than
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the accumulated stake Y _, Yy asn tends to infinity, that is

Oil Yk = OO}

. 1 -
lim =5+ Z Yigr(Xp—1, Xi) —bx] =0 a.s. on {w: Zk
k=1

n—ro0 22:1 Yi &

Definition 6. Let {Y;,t € T} be a generalized random selection system indexed
by an infinite tree defined as (9). We call

1 n
Sn(w) = ————[Yolog P(X0) + Y _ > Yilog Pu(Xy| X1,)] (10)
DN k=1 tely,
k=1tely

the generalized relative entropy density of nonhomogeneous Markov chain field {X,t €
T(”)} on the generalized random selection system. Obuviously, the generalized relative en-
tropy density Sy (w) is just the general relative entropy density fn(w) if Y1 =1, t € 7™,

In this paper, we study a class of generalized Shannon-McMillan theorems for nonho-
mogeneous Markov chains field on the generalized random selection system which takes
values in a countable alphabet set on the infinite tree by constructing the consistent distri-
bution functions and a nonnegative martingale. As corollaries, some Shannon-McMillan
theorems for nonhomogeneous, homogeneous Markov chains field on an infinite tree and
the general nonhomogeneous Markov chain are obtained. Liu and Yang’s main results
(see [7], [13]) which relate to the tree-indexed nonhomogeneous Markov chain field and
the general nonhomogeneous Markov chain are extended.

2. Main result and its proof.

Theorem 1. Let X = {X;,t € T} be a nonhomogeneous Markov chains field on a
homogeneous tree, {Y;,t € T}, Sp(w) be defined as (9), (10). Denote by H(Py(s1]|X1,),
Py(s21X1,),- ) the random conditional entropy of X relative to X1, on the measure up,
that s

H(Py(s11X1,), Pr(s2|X1,),+) = = Y Pul(we|X1,)log Pr(z4 X1,) t€ Ly, k>1L
TtES

Denote a > 0, G = maxz{|al, |b|},

D(w) = {w: liznz > |V = oo} (11)

k=1teLy

We set

1 n
B, = limsup — E[|Y;|Py(X¢|X1,) 7% X,] < 0. (12)
D S S o T 2 2 )
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Then
. 1 -
Jim [Sn(w) = > > ViH (Pi(s1]X1,), Pr(s2lX1,), )] = 0.
3 Y| k=1teLn
k=1teLly

p — @.S. w € D(w) (13)

Proof. On the probability space (Q, F, up), let A > 0 be a constant. Denote

Qu(N) = B[P(Xe|X1,) ™ X, = 21,) = Y Palarlan, )™M, (14)
€S
Py (xy|xy, )12
Qk()‘a xlmxt) = k( gkzt)\)) ) L1y, Tt S S. (15)
(n)
g\ 2T P(zo H H ak (N 21, z4). (16)
k=1teLy,
By (14-16) we can write that
(n)
> g
xlnes
n
P mtlm )ImAY:
= > P[] ]I
zlnecs k=1teLy
1-\Y;
— g(\a T(n— 1) xt|x1)
1-)\Y;
_ /\ T(n 1) wt‘xl )
tg %E Xt\Xl )X, = @]

n— E[P,(X¢| X1,) ™| X1, = 21, (n-1)
_ )\,l‘T( D n t t tl )\,l‘T )
g VN Fmm % = =4 )

teLy
Hence g(A; T(n)), n=1,2,--- are a set of consistent distribution functions. Set
A XT(TL)
Un(\,w) = 9(7(n)). (17)
pp(XT)

Since g and pp are two probability measures, {U,(\,w), Fp,n > 1} (F, = U(XT(n)))
is a nonnegative martingale which converges almost surely(see[12]). Thus, by Doob’s
martingale convergence theorem we get

lim U, (\,w) = Uss(A,w) < 0. Up — a.s. (18)

n—0o0
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By (11) and (18), we have

1
lim sup ——— log Uy (\,w) < 0. Up — a.s. w € D(w) (19)
Y X
k=1teLy,

By (6), (14)-(17), we can rewrite (19) as

n

: 1 _
limsup ————— > Y [~AV;log Pr(Xy|X1,) — log B(Py(X¢|X1,) M| X1,)] < 0.

T ST ST Y| k=1tely
k=1tcLy,

Up — a.s. w € D(w) (20)
By the inequality e® — 1 — z < (1/2)x2el”l, we have
2 —1—(=Nlogz < (1/2)\(logz)’z~ M, 0<z<1. (21)

Taking into account (12), (20), (21) and the inequality logz < = — 1, (z > 0), noticing
that Y; € [a,b], |Yi| < maz{|al,|b]} =G, t € Lg, k> 1,

4 —2
max{(logz)?z",0 <2 < 1,h > 0} = ‘;"7

in the case of 0 < |A\| < t < «, we can write

n

. 1
limsup —————— > Y [~AYilog Pi(Xy| X1,) — E(—=AY; log Pe(X:|X1,)|X1,)]

n
ey |Y;| k=1teLy,
k=1tely
1 n
< limsup > Y [log B(Pe(Xy|X1,) | X1,) — BE(=AY; log Py(X;|X1,)| X1, )]
nee ST Y| k=1teLy,
k=1teLly
1 n
< limsup — > [B(P(X:|X1,) M X0,) — 1 = B(=AY;log Py (X;|X1, )| X1,)]

T ST ST Y] k=1teLy
k=1teLy

n

. 1 _
< limsup — > E[ZNYA (log Pe(X4|X1,))? Pe(Xe| X,) "M X,
TS ST Y| k=1tely
k=1teLly
: 1 - NG 2 e
< limsup 50— > Y B[~ [Yt|(log Py(X¢|X1,))" Pe(Xe X1,) ™| X1, ]
nS SN SN Y| k=1 tely
k=1teLly
NG 1 -
= S limsup ——— > ) EllVi|log? Pr(X| X1,)

T ST N Y| k=1teLy
k=1teLly
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- Pe(X] X1,) 0TGP (G X, ) 9 X

NG 1 n o2 »
< ThmsupniZZE[m’YHP]C(Xt’Xlt) ‘Xlt]
e Z Z ’Yt’ k=1teLy
k=1teLy

2)\2e2 1 n ;

S aomeme w2 ) BRI ]
k=1 teLk
2)\2e2

In the case of 0 < A < t < a, dividing both sides of (22) by A, we obtain

. 1 n 2)\€72Ba
limsup ———— Z Z Yi[—log Pp(Xy|X1,) — E(—log Pp(X¢| X1, )| X1,)] < (o —1)2G
TN N Y| k=1teLy
k=1teLly
Up — a.s. w € D(w) (23)

Choose 0 < \; < o, (i =1,2,---) such that \; - 07 (i — o0). Then for all i we have
by (23) that

) 1
limsup ————— Y Y Y[~ log Pe(Xy|X1,) — E(—log Pr(X|X1,)|X1,)] < 0.
oo S |Vi| k=1teLy
k=1teLy

[p — a.S. w € D(w) (24)

When —a < —t < X\ < 0, dividing two sides of (22) by A, we attain

. 1 . 2)e 2B,
liminf ———— E E Yi[—log Py (X X1,) — E(—log Pr(X¢| X1,)|X1,)] =2 —5 ~-
n—00 (a - t) G
Yo >0 Vi k=1teLy
k=1teLy
Up — a.s. w € D(w) (25)

Choose —a < —t < \; <0, (i=1,2,---) such that \; = 0~ (¢ — 00). Then for all i we
have by (25) that

o 1
lim inf —————> " ) " V[~ log Pu(X;|X1,) — E(—log Pe(Xy| X1,)|X1,)] > 0.

TS S Y| k=t el
k=1teLly

Up — a.s. w € D(w) (26)
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It follows from (24) and (26) that

. 1 =
lim ————— > Y V[ log Pu(X;|X1,) — E(—log Pu(Xy| X1,)|X1,)] = 0.

TS ST Y| k=t ieLy
k=1teLy

Up — a.s. w € D(w). (27)
Noticing that

H(Pg(s11X1,), Pr(s2|X1,), )

= - Z Pk(l't|X1t)10ng(mt‘X1t) = E(_logpk(Xt|X1t)|X1t)7
T €S

it follows from (10) and (27) that

[ICHC — b SL PN MPR YRR
> |Yi| k=1teLs,
=1tEL
1 n
= im0 S Vil log P(Xi[X3,) — B(~log Pu(Xi|X1,)|X1,)] = 0. (28)
S Y| k=1teLy
k=1teLy

We complete the proof of the theorem.«

Corollary 1. Let X = {X;,t € T} be a nonhomogeneous Markov chains field on an
infinite tree, f,(w) be defined as (8). Denote a > 0. We set

ba hm SUD T Z > E[Pu(X4]X1,) " X1,] < oo (29)
k: 1teLy
Then
Tim [fo(w)~ ’T(n | Z > H(Pu(s11X1,), Pe(s2|X1,),--+)] = 0. [p—a.s. (30)
k=1teLy

n
Proof. Lettinga =0, b=1, Y;=1, t € T™, n > 0, we have lim > Y |Vj| =
n k=1teLy

lim |[T™| = 400, G = maz{0,1} = 1. Hence S, (w) = fn(w), D(w) = Q. (29), (30) follow
from (12) and (13) immediately. <

{Xt,t € T} will be called S—valued homogeneous Markov chains field indexed by an
infinite tree if for all n > 0,

P,=P=(P(ylx)), Vz,yes. (31)
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Corollary 2.  Let {Xy,t € T} be a homogeneous Markov chains field indexed by
an infinite tree, fn(w) and H(Py(s1|X1,), Px(s2|X1,), ) be defined as above. Denote

0<a<l1/qG,if
DY Pl ¢ < oo (32)
i€S jes
Then
lim [S, (w)— Z > YiH(Pi(s1|X1,), Pe(s2|X1,), - )] = 0. pp—a.s. (33)

n—o0

n
Z ST Y| k=1teLy
k=1teLy
Proof. By (31) and (32), we can write

. 1 = ~
B, = limsup -———— Y Y E[|Vy| Pe(X:|X1,) %] X1,
N0 Z Z th‘ k=1teLy
k=1 ELk

= limsup 7—— Z >N WP (@ Xy,) ¢

e Z Z |Y;t| k=1teLy xS
k=1teLy,
1 —
— timsup 30 Y 3 S WAl
nee Z; ZL: |Yy| k=1teLy ieS jes
. 1
< a3 S e
e Z Z |}/t’ k=1teLy i€S jeS
k=1tcLy
B ) YT IR TSR, 8 1
ieS jes T ST N Y| k=1teLy
k=1tELy
= Y ST PG < o 1)
i€S jes

It follows that (12) holds. Therefore, (33) follows from (13).«

3. Some Shannon-McMillan theorems on a finite states space.

Corollary 3. Let X = {Xy,t € T} be a nonhomogeneous Markov chains field on
an infinite tree which takes values in the finite alphabet set S = {s1,52,-+ ,sN}, fu(w) be
defined as (8). Denote by H(Py(s11X1,), -, Pe(sn|X1,)) the random conditional entropy
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of X relative to X1, on the measure pup, that is

SN

H(Py(s11X1,), -+, Pelsv|X1,)) = = D Pelwe|X1,)log Pe(xi] X1,), t€ Ly, k=>1
Tt=S81
Then
1 n
Jim [, (w) — > Y ViH(Pi(s1Xy,), -+, Pr(sn|X1,))] = 0.

n
Z > |V k=1teLy
k=1teLy
up —a.s. w € D(w) (35)
Proof. Let 0 < a < 1/G. By (12) we can conclude

: 1 = _ _
B, = limsup ————— > E[[Yi|Pu(Xe| X1,) 9| X5
n—o0 Z |Yt’ k=1
k—lteLk

= limsup . —— ZZ Z ;| Py (] X1, ) 70¢

nree |Y;| k=1teLy, ze=51

k:lteLk
1
ST
n—roo Z z | |k 1teLly zt=s1
k=1teLy
N
< limsup —— Z Z Y| = N < 0. Up — a.s. (36)
oo ST Y| k=1teLy,
k=1teLly

Hence (12) holds naturally. (35) follows from (13).«

Corollary 43l Let X = {Xy,t € T} be a nonhomogeneous Markov chains field on
an infinite tree which takes values in the finite alphabet set S = {s1,82, -+ ,sn}, fn(w)
and H(Py(s1|X1,), -, Pe(sn|X1,)) be defined as above. Then

Jim [fo(w) — Z > H(Pu(s1|X1,), -+, Prl(sn|X1,))] = 0. Lp — a.s.
k 1tely

(37)

Proof. Letting Y; =1, t € T™, n > 1, we obtain lim 3. 3 Y| = lim |T(| = 4-c0.
" k=1teLy "
Hence Sp(w) = fn(w), D(w) = Q. (37) follows from (35) immediately. <«
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Corollary 5. Let {X,,,n > 0} be a nonhomogeneous Markov chain with the initial
distribution and the transition probabilities as follows:

P(i)>0, i€s.

Py(jli) > 0, ,j€8, k=12 ..

Set
folw) = _n—ll— [log P(Xo) + ;bng Xi Xp—1)],
N
Hy, (X3 |Xpo1) = = > Pr(wp|Xp_1) log Pe(wp| Xp_1).
oh=1
Then
Jim [fu(w >—#ZH,€ (Xu X)) = 0. (3)

Proof. When the successor of each vertex of the tree T" has only one vertex, the nonho-
mogeneous Markov chains field on the tree degenerates into the general nonhomogeneous
Markov chain. Hence we easily get |T"| = n + 1, Py(z¢|x1,) = Py(zp]|zr—1). (38) follows
from (37) naturally. <

4. Derivation results.

Theorem 2. Let X = {X;,t € T} be a nonhomogeneous Markov chains field on an
infinite tree which takes values in the countable alphabet set S = {s1,s2, -}, Sp(w) be
defined as (10). Denote a« >0, 0 < C < 1. Set

n

: 1 ~(24a
Co =limsup o——— Y > B[V Pu(Xe| X1,) T DI(p (x,1x1,) <03 1 X1, < 0.
T ST ST Y| k=1teLy
k=1teLy
Up — a.s. (39)
Then
Tim [Sn(w) — Z > ViH(Pe(s1]X1,), Pr(s2|X1,),-- )] =0, pp—as.

n
Z Z D/t‘ k=1teLy
k=1 ELk
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Proof. Let us denote Py(X;|X1,) = Py in brief. Taking into account (39) and the
inequality 1 — % <logz <0,(0 <z < 1), from the fourth inequality of (22) in the proof
of Theorem 1, in the case of 0 < |A| < a, we can write

n

) 1
limsup ————— > Y [~AV;log Pi(Xy|X1,) — E(—AY;log Pe(Xe| X1,)|X1,)]
T ST ST Y] k=1teLy
k=1teLy
. 1 . )‘2G 2 —aG
< 11m upni —  |Lt k t 1+ k t 1t 1
< lims ZZE[2|Y|logP(X|X )Pr( X X1,) "% X1,
e Y SR A=A
k=1teLly
A2G . 1 = 2 p—aG
= Thmsupniz > E[Vi|(log P)> Py Y (Ip, (x1x1,) <} + Iipuxoix,)>0p) | X 1]
TN N Y| k=1 teLy,
k=1teLy
)‘2G : 1 . 2 p—aG
<~ |limsup > >, EllYil(log Po)* P ““I1p, (x,1x,,) <0y | X1
T ST N Y| k=1teLy
k=1teLy
1 n
+limsup ——— > Y E[[Vi|(log Pe)* Py *“I(p, (x,1x1,)>03 1 X1
T ST ST Y] k=1teLy
k=1tely
)\QG . 1 a 2 p—aG
<~ qlimsup Y Y E[[Vi|(log Po)* P, *“I(p, (x,1x,,)<c} | X1.]
T ST N Y| k=1teLy,
k=1teLy
1 n
+ limsup ———— Z Z E[|Y;|C72C . (log €)% X1,]
T ST N Y| k=1teLy
k=1teLy
NG 1 - 9 —al
< S lmsup ———— > 7 B[Yil(log P)* Py ““Lip, (x, 3, <03 [ X1,
e S Y A=
k:lteLk
+ 07 (log 0)2}
NG [ 1 = 1o,
s 5 {hmsup w2 > Bl = 5P i x0, )<y 1 X0l
O SN ST Y| k=1teLy k
k=1teLy

+07C . (log 0)2}

NG 1 i — (240G
= 5 {hmsup > > Bl - PP i x, 30, <0y 1 X0,
T ST N Y| k=1teLy
k=1teLy

+O7oC . (log 0)2}
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n

< >‘27G li ; E YP7(2+QG)I X
< 55| limsup > D Elvp, (P, )<0) X1
TSI i) A=t
k=1teLly

+07°% . (log €)%}

2
= % {Co+ oG (log C)?} < cc.

Imitating the proof of (23)-(28), Theorem 2 follows from Theorem 1.«

su
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